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`I
cxY`Aj\NsFZlcd`Ax?FZlKhOAO`AN]OZ\jlWsnxMvZ\KhOr`AxhxhO<r§Z\c+cZoWAJKhOr`IxhxhO<r§Zlcd+cdZoWScfXsqAjlsIuhKKhcfrwK.vYOBXlrjlcd_0OBX
KM`F IOj\Z\cfrO<XsIj\O¬bdcx7DIO<v _+WOBvYAOBX#snxMv ÉsIrOBXBqKhcbdO¬Z\KhO¡AO`IN.OZ\jlW"r`IxMX\cX[ZlXcx Z\KMOAOj\Z\cfrOBX
r`+`IjwvYcdxasFZ\O<X1G¦x¯gMX\gMsnbj\OBuhjlOBX\Ox5ZlsnZ\c`IxMX^X\gMrwK¬sAX1HSt^RJI `IjlN.snZ`Ajqu0`IcxAZlOjwXqjlOuMj\O<X[OBxAZwsFZlcd`AxMXcx
NsIcdx-N]OBN.`IjlWLK {M8Z\KhOr`AxhxhO<r§Z\c+cZoWcfX]Z\KMO#N.`5XoZO±Yu0OxMX\cIO#uMsnj\ZNF#cZr`AX[ZlX]K+ghxMvYjlOBvhX]`I_hcdZlX
u0OjIOBj[ZlO±KMcdbOZ\KMOIOB`IN.OZlj\Wr`AX[ZlX$`IxhbWZ\OxaX`n_hcdZlX$uaOBj$AOj\Z\O±qXsNsFZ\Z\Oj`nÉsIrZBcx
X\gMrwK¡`Aj\NsFZwX$KMOjlOZ\KhO#r`AxhxhOBrZ\c+cZoW¡cfX$jlOuhjlOBX\Ox5ZlOBv¡_+Wx+ghN_aOBj\cxh¬Z\KhOIOj\Z\cfrO<X$sIxMvIc+cdxM
cxMvYO±YOBXBYZ\KhOr`AX[Z^`nGr`AxhxhOBrZ\c+cZoWKMsIX`AjlvYOBj
Θ(n lg n)
P+cxMrOZ\KhcfXcfXZ\KhO$N]`5XoZ^O±YuaOBxMX[cIOuMsIj[Z<
OX[KMsIbdb«r`IxMrOx5Z\jwsFZlOqcx#Z\KhcfXuMsnu0Oj`AxjlOBvYgarcxh$ZlKhOr`AxhxhO<r§Z\c+cZoWr`AX[ZBhsIxMvbOBs3AO^ZlKhOuhjl`I_hbON
`Ikj\O<vYgMrcdxhZ\KhO]IOB`IN.OZlj\W&r`5XoZsAX[cfvYOAq£¨O`A_MX[OBj\AOKh`FOIOBjZ\KasFZ`AghjXoZlj\gMrZ\ghjlOcfXr`IN.uMsnZ\c_hbdO
cdZ\KX\OAOjwsnbY`I0ZlKhOqX[ZlsIxMvhsnjwv.snuhuMj\`5sIrwKhO<XZl`IOB`IN.OZlj\Wr`IN.uhjlOBXlX\cd`Ax]X\gMrwKsIXIc5cxhr`+`AjlvYcxMsnZ\OBX
cxs]bd`YrsIb©jlsIN.O`IjOD0
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 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jlOuMj\O<X[OBxAZlOBvOcdZ\KhOBj^cdxs]bcdxhO<snj`Aj\NsFZ`Aj^vYcXDX[Z\`AjlsIIOS`IjxhOZo`AjD
ZljlsIxMX\N]cfXlX[c`Ix«Y`Aj^XoZl`IjlOBvcdxNsIcdx&N.ON.`IjlW`AjZ\KhOO±Yuhbd`AjlsnZ\c`Ix#`nZ\KhO$`I_YmoO<r§ZBG¦xZlKhO¤MjwX[ZqrsIX\OI
jlOBvhgMrcxhZ\KhOX\c&ZBOScfXrsIbdbOBv  1!  MsIxMv#r`IN.uhjlOBXlX\cdxh$Z\KhOr`IxhxhO<r§Zlcd+cdZoW`nFsIj\c`IgMX%D+cxMv`I
N.O<X[KhO<XKMsIX_0OOBxX[gMrBrO<X\X[ghbbdWsnZ[ZwsIrDIO<vcx&j\O<rOx5ZWIO<snjwX[Kd\5«B|h<+aI}Y«^]YM|Y«<~_MÎ
G¦xZ\KhcfXuMsnu0OjOSvhOBsnb0cdZ\KZ\KhOX\OBr`AxMvrBsIX\Oq`nNsncxN.ON.`IjlW.j\OBuhjlOBX\Ox5ZlsnZ\c`Ix«+snxMv`IghjsncN
cfXZ\`vYO<X[cIx&s.vhsFZws.XoZlj\gMrZ\ghjlOKMs3+cdxM]s.X\N.sIbdb«X\c`ZOsnxMv#snbb`FcdxhZ\`sIxMX[Oje5ghOBj\cOBXcx&r`IxMX[ZlsIx5Z
ZlcdN.OAbaqX\gMsnbe5ghOjlcdO<X$r`IxMX\cX[Z$cx I`AcdxM&j\`AN s&ÉsArOZ\`¯cdZlXxhOcIK+_0`Ij`AjsAX$D+cxhcZo`¯AOj\Z\cfrOBX
sIj\OsAv3m[sIrOx5Zcdx"ZlKhO¯N.OBX\K«PYgMrwK­sXoZlj\gMrZ\ghjlO&cXrsnbbOBv O cdZ\KhO¯r`AX[ZsIX\W5N.uYZl`nZlcrBsnbbdW
NsnZlrwKhO<XZlKhOOx5Z\jl`Iu+W.`nZ\KhOrbfsIXlXsnxMv  17	Y cdcdZNsFZlrwKMOBXcZghuZ\`.s]r`IxaXoZwsnx5ZÉsAr§Zl`Ij<R¯`IjlO
uMj\O<rcfX[OBbdWA0AcdAOx¬s#rbfsIXlX`n`A_YmoOBrZlXcZlK¨sX[c`ZO]uMsnjwsnN.OZ\Oj
n c OA aZ\KhO.x+ghN_aOBj`IObON.Ox5ZwX`IX\`IN.OdD+cdxave§aOr`AxMX\cvYOBjZ\KhO$x5gMN$_0Oj`n`I_hmoOBr§ZwX`nGX\c&ZBO
n
cx#Z\KhOrbsAX\XBfGÎZ\KhcfXx+ghN$_0OjqKMsIXsIx
O±Yua`AxhOx5Z\cfsnbYAj\`FZlK`n©`IjwvYOBj
2αn
KhOx
n
I`+OBXZ\`cxY¤MxhcdZoWIIZ\KhO g h `naZ\KhO^rbsAX\XcfXGvYO¤axhOBvZ\`
_0O
αn
k jlOuMj\O<X[OBxAZwsFZlcd`AxcXZlKhOx  1	i cdcdZgMX\OBX
O(n)
_hcdZlXqsnxMv O cdZ^gMX\OBX
αn + o(n)_McZwXª_MX\OjlIOZ\KasFZ^s.r`IjljlOBr§ZjlOuhjlOBX\Ox5ZlsnZ\c`Ix#rsnxMxh`nZgMX\O
o(αn)
_McZwX`IjcdZ^N$gMX[Z_aOu0`AXlX\cd_hbOSZ\`
vhcX[Z\cxhIgMcX\K#sIbdb`I_YmoO<r§ZlXB
+-,j kL24012?B7lfmonOBlp@A2qr/-B7s
JKMOIOxMOjwsnb+jwsnN.O`IjODOgMX\O`IjvYOBX\cdAxhcxhsr`IN.uMsAr§ZG`IjkX\gMrBrcxMr§ZvMsFZlsX[Z\jlgMr§ZlghjlO`IjksIcIOBx
rbsAX\X`I`A_YmoOBrZlX`nX[c`ZO
n
cXqX$DAOZlrwKMOBvKMOjlOiF
• t cdjwXoZZ\KMOS`A_YmoOBrZcfXX[uMbdcdZcx5Z\`Z\cx+WuhcdO<rO<X`IX\c&ZBO O(lg n)  h N.OBsnxMcdxh]X[NsIbdb©OxM`IghAKX[`Z\KasFZs$rsFZwsnb`I`I«snbbau0`AXlX[c_hbOquhcOBrOBXrsnx_aOSr`IxaXoZlj\gMrZ\O<v.cdx
o(n)
ZlcdN.OsnxMvX\uMsIrOIJKhOx#sZ\cx+W.uhcdO<rO
cfXj\OBuhj\O<X[OBx5Z\OBv_5W.cdZlXcxMvYO±cxZlKhOrsFZwsnb`IaAsnxavZ\KMOSX\ghN`nZlKhOX[c`ZO<X`Isnbb©cdxMvhO±YOBXcXO±+u0OBrZ\O<v
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KM`F ZlKhO¬X\uhbdcdZ[ZlcdxM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Zlcdx+W­uhcOBrOBXB P+cdxarOZ\KhOBj\O¡snjlO
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lg n
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Z\cx5W­uMcdO<rOBX#cdZ\Ks¢bcdxMOBsnj
x+ghN_aOBj`IkcdxarcfvYOxMrOBX_aOZoOBOxZlKhON&srbsAX\X\cfrsnbj\OBuhj\O<X[OBx5ZlsFZlcd`Ax`nGZlKhcX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ua`Acdx5Z\OBjlX
`Ib`I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O(n)
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 uMcdO<rOBX`I
O(lg2 n)
X\c&ZBOsnjlOSr`IxMX[Z\jlgMr§ZlOBv_+Wmo`Icxhcxh
lg n
Z\cx+WuhcOBrO<X+ZlKhcfX^snbbd`F^XZl`]gaX[O
u0`Icx5Z\OBjlX`IX\c&ZBO
O(lg n)
`IxhbW_0OZoOOxX\NsnbbuhcdO<rO<XKhcdbOsIv3m[sArOBxMrcOBX_0OZoOOBxZlcdx+WuMcdO<rOBXsIj\O
vhOBXlrjlcd_0OBvcZlK.bd`YrsIbYua`Acdx5ZlOjwX`n0X\c`ZO
O(lg lg n)
GP+cxMrOZlKhOx+ghN$_0OjG`I©X\NsnbbhsnxMv$Z\cx+W$uhcOBrOBXGsIj\O
jlOBX\u0OBr§ZlcdAObW
O( n
lg2 n
)
snxav
O( n
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)
IZ\KhcfXGNghbZlc¥ÎbOIOBbMsnuMuhj\`5sIrwKW5cObfvhXGX\gh_hbcdxMOBsnjkr`AX[ZlX`I
O(n lg n
lg2 n
)sIxMv
O(n lg lg n
lg n
)
`Ij
G
hNsD+cxh]Z\KhOX[Z\jlgMr§Zlghj\OX\gMrrcdxar§ZB
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aWj\OB5cOycx¯ZlKhcfXX[O<r§Z\c`IxsOB j\O<X[gMbZwXSsI_a`AgYZj\OBuhj\O<X[OBx5ZlsFZlcd`AxMX^`IIjwsnuMK¯r`IxMxhOBrZ\c5cdZoW
`Ajq~F¥¦r`AxhxhO<r§Z\O<vuMbsIxMsnjAjlsIuhKMXsnxav#Z\jlcsIxhIghbfsFZlcd`AxMXBkJKhOBX\OjlOBX\ghbZwXrsIx#_0OAcdAOx&cdx&ZlOjlNX`n
nZlKhOSx5gMN$_0Oj`nAOj\Z\cfrO<X
m
Z\KhOSx+ghN$_0Oj`I«ÉsIrOBX`Ij
e
Z\KhOx+ghN$_0Oj`nOBvYAOBXBG¦xZ\KMOSX\uaO<rcfsnbrsAX[O
`IGZ\jlcsIxhIgMbsnZ\c`IxMXq`nsZl`Iu0`Ib`IAcrBsnbX\uhKhOBj\OA
6n ' 2e = 3m
sIxMvZlKhO$OBxAZlj\`Au+WcfX
1.62m = 3.24n_McZwX9K½YMÎ t `IjkuMbsIxMsnjGZlj\cfsnxMIghbfsFZlcd`AxMXcZlKs_a`AghxMvhsIj\WAFZ\KMO^Ox5Z\jl`Iu+WcX 2.175m _hcdZlXB t `IjIOxMOjwsnb~n¥Îr`IxhxMOBr§ZlOBvuhbsIxMsnjAjlsIuhKMXZ\KMOOx5Z\jl`Iu+WcfX
2e
_hcdZlX K½A^M8
ªxSZ\KMOkuhjwsIr§ZlcrBsnbnX\cvhOIFrbfsIXlX[cfrsIb3N.sIcdxN.OBN]`Aj\Wqj\OBuhj\O<X[OBx5ZlsFZlcd`AxMX©gMX\OGua`Acdx5ZlOjwXF
n+6m
u0`Icx5Z\OBjlX
sIj\OxhOBOBvYO<v]`IjGZlj\cfsnxMIghbfsFZlcd`AxMXGsnxMv
n+6e
`Ij~r`IxhxMOBr§ZlOBv]IjwsnuMKEK½{^MÎ5KhOjlO^sua`Acdx5ZlOjkN.OBsIxMXk~5
_McZwXcZlKj\O<snb«u0`Icx5Z\OBjlXsIxMv
lg n
gMX\cdxMcdxMvhO±YOBXB rwKMOBsnu0Oj^X\`IbgYZlcd`Ax#cdZ\K
2e
u0`IcxAZlOjwX K°MKMsIX
_0OOBx¯uhjl`Iu0`AX\OBv#cdZ\K¯ZlKhO$uMj\cfrO`IsKhcIKhOBjsArrO<X\Xqr`AX[Z^Zl`xhOBcdAK5_0`IjwXB^`IxMO`nGZlKhOBX\O
O(n lg n)X[Z\jlgMrZ\ghjlOBXsnjlOr`AN]uasIr§Z<
JKhOsn_0`FIO^jlsIN]OB`AjDKMsIX_0OOxcdx5Zlj\`YvYgMrOBv`Ij_asnbfsnxMrOBvuMsIj\OBx5Z\KhO<X[cfXk`IjwvhX c  W+rD.`IjwvhXe_+W5sIr`A_MX\`IxLKIM`IjZ\KMO#r`IN.uMsIrZjlOuhjlOBX\Ox5ZwsFZ\c`IxksnxMv_+W RgMxhj\`¨snxMv¢t^snNsnx Kd3{^M`Ij]Z\KhO
X\gMrBrcxMr§ZjlOuhjlOBX\Ox5ZlsnZ\c`Ix«
JKhO¯X\c`ZO&uMsnjwsnN.OZ\Oj.`Is¨uMsIj\OBxAZlKhOBX\cfX`Ijwv-cX.cdZlXx+ghN_aOBj`nrwKMsnjwsIrZ\OBjlX]snxMv-`IuhZ\cN.sIbdcdZoW
N.O<snxMX_McZu0OjrwKMsnjwsIrZ\OBjB"G¦x¢ZlKhcfX]r`Ix5Z\O±+ZZlKhOxasFZ\gMjlsIbe5ghOBj\W¡cfXZ\`¡sIXD`Aj]Z\KhO&NsFZwrwKhcdxM
uasnjlOx5Z\KhO<X[cfX`nZlKhOuMsIj\OBxAZlKhOBX\cfXsnZs]AcdAOxu0`AX\cdZ\c`Ix«GJKhO<X[OjlOBX\ghbZwX`Ix#uMsnjlOx5Z\KMOBX\cX`IjwvhXsIbdb`F
`AjqX\gMrrcdxMrZjlOuhjlOBX\Ox5ZwsFZ\c`IxaX`nGuhbfsnxhO c sDFs.`IjwvYOBj\O<veZ\jlOO<X^gMX\cdxM 2n _hcZwX^JKMOx¯suhbfsnxasnj^NsnurBsnx¡_0OvYOBr`IN.u0`AX\OBv¨cdx5Zl`¯X[OBIOjwsnbZlj\OBOBXKhcfrwK rsIx¡_aOX\gMrBrcxMr§ZlbdWj\OBuhj\O<X[OBx5Z\OBv«^`FOAOj<Z\KMcX
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AjlsIuhKMXZ\`]Z\jlOO<X_aOBcdxh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AjlsIuhKMXgMX\cdxM
2e + 8n
_hcdZlX^sAX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2e + 2n
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j\OBuhjlOBX\Ox5ZlsnZ\c`Ix
`AjZ\KhcfX c bfsnjlIOBjerbfsIXlXS`nZ\jlcsIxh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t j\`AN ZlKhO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N.`IjlO^uhjlOBrcX\OZ\KhOIOBxhOjwsnbYjwsnN.OB`AjD$XDIOZlrwKhO<v.cdxPYOBr§Zlcd`AxI
Zs¤MjwX[ZbdOBIOb`IvhOZlsIcdbfXBZlKhO&jlsIN.O`IjOD snuhuhbcOBX]Z\` sIx+W¢vhsFZwsXoZlj\gar§Z\gMj\O&KhcfrwK-KasIXbcdxMOBsnj
OBx5Z\jl`Iu+WsnxMv"rsIx¢_0O&vhOBr`AN.ua`5X[O<v¢cx5Z\`¨j\OBIc`IxMX]r`AxhxhOBrZ\O<v¢_+W s¨Ib`I_MsIbdbWX[uasnjwX[O#IjwsnuhK4FZ\KMcX
cxMrbdgMvhOBXuMsIj\OBxAZlKhOBX\cfX`AjlvhXB3Z\jlOO<XAsnxMv]IjwsnuMKMX`Ix.X[ghj\ÉsIrOBXBJKhOjwsnN.OB`AjDcfXZ\KhOBxX[u0OBrcsIbdc`ZO<v
Zl`r`IxMxhOBrZ\c5cdZoWX[Z\jlgMr§ZlghjlOBX`nN.OBX\KhOBXB
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snuhuMbdWZl`srbsAX\X`n©r`AN$_hcxMsFZl`IjlcsIbA`A_YmoOBrZlXBFO¤MjwX[ZxhOBOBv$Z\KMsnZGZ\KhO
OBx5Z\jl`Iu+W_0O]bdcxhOBsIjBR`Aj\OuMj\O<rcfX[OBbdWr`AxMX\cvYOBjsrbfsIXlX
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`nk`A_YmoOBrZlXKhOjlO
n
cfXScdx5Z\OBxMvYO<v
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2, . . . N
′
p′}
snxavOvYOxh`IZ\O
|N ′i |
Z\KhOx5gMN$_0Ojq`I
AOj\Z\cfrO<Xq`I
G
Z\KMsnZSKas3IO_0OOBxN.OjlIO<v&Z\`#`I_hZlsncx
N ′i
sIxMv
deg′(N ′i)
Z\KhO.vYOAj\OBO$`I
N ′i
cdx
G′

AOj\Z\O±
N ′i
`n
G′
Z\KMOxr`AxMX[cfX[ZlX`nZ\KhO`Abdb`Fcxh.cdxY`Aj\NsnZ\c`Ix?F
T
|N ′i |
snxav
deg′(N ′i )T ZlKhOcxY`IjlNsFZ\c`Ix`Ij^sIbdb«Z\KhOIOBj[ZlcrOBX
Nj ∈ N
′
i
MXoZl`IjlOBvcdx&sX\cdxhAbdON.ON.`Aj\W
ZB`IxhOA
T cxMvYO±YOBXZl`]xMOcIK+_a`AjlX`I
N ′i
cdx
G′

JKMOSAjlsIuhK
G′
KMsIXN.`IjlO`FAOjZ\`XlsFZ\cfX[WZ\KMO`Abdb`Fcxh.K5W+u0`nZlKhOBX\OBXB
&´·   ³  É   9C   $# h%!  	7 'EO	Y
(	_!
N ′i
	 T  1
3
lg n ≤
|N ′i | ≤ lg n
"
JKhOx+ghN$_0Oj]`n^O<vYIO<Xjl`IN s¯AcdAOxIOBj[ZlO±¡`n
G′
rsnx¢_aO_a`AghxMvYO<v _+WX[ghN.N.cxh¬`FAOjcdZlX
OBbdOBN.Ox5ZlXNF
deg′(N ′i) ≤
∑
Nj∈N
′
i
deg(Nj) =
∑
Nj∈N
′
i
kj ≤ |N
′
i |Kc lg n = O(lg
2 n) c KhOBj\O K cXsr`IxMX[ZlsIxAZvhOBXlrjlcd_hcxhSZ\KMO^X[c`ZO`IaZlKhO_a`AghxMvhsIj\W$`n0Z\cx5WuhcOBrO<X5sIXcx5Z\jl`+vhgMrO<v]snZ e5gMsFZlcd`Ax c ^ee§ gYZ^OxhOO<vsX[Z\jl`IxMIOjK+W+ua`IZ\KhO<X[cfX`Ix#Z\KMOZ\`nZwsnbx+ghN_aOBj`nOBvYAOBX`n
G′

&´·   ³  É  7 C O' S#  Y  S#
G′
 d 	  ! C ' $# 	_! 
deg′(N ′1) + . . . + deg
′(N ′p′) = O
(
n
lg2 n
)
.
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G
	     R
αn +
O
(
n lg lg n
lg n
) 
"
  N $#
" t cjlX[ZOxh`nZlcrO$ZlKMsFZcdxZ\KMO]sI_a`FAO$jlOuhjlOBX\Ox5ZlsnZ\c`Ix`I G c ION.Ns¬_e§«sIOj\Z\O± Nj gMX\OBX
O(lg2 n)
_hcZwX c O(lg n) _McZwX^`Aj^Z\KMO$cxMvYO±`I Mj cxZ\KhOj\OBbdOBFsnx5ZrsnZlsIbd`AsnxMv O(lg n) `IjOBsArwK`IcdZlXBsnZN]`5XoZ<
Kc lg n
xhOcIK+_0`IjwXOeKhcfrwK¡IcIOBXSO<sIX\cdbW¬s#_a`AghxMv¨`n
O(lg3 n)
`AjZ\KhON.ON.`Aj\W
xMOOBvhOBv_5W#snbbIOBj[ZlcrOBX`n
G
ZlKMsFZ^N.OjlIOScx&X\`IN.O
N ′i

qOxMrOqsbd`YrBsnbYjlOOjlOxarOZ\`N.OBN]`Aj\WsIvhvYjlOBXlX\OBXjlObfsFZ\cIOZl`X[`AN]O D+xh`Fx
N ′i
j\O<eAgMcdjlOBX
lg lg n+
O(1)
_hcdZlXB
IOZ$gMX$xh`F j\OZ\ghjlx¨Z\`ZlKhOcxY`IjlNsFZlcd`Ax XoZl`IjlOBv¨cdx s¯IOj\Z\O±
Nj ∈ N
′
i
`n
G
¯J`jlOOBjZ\`¬s
xMOcIK+_a`Aj
Nl
`I
Nj
YcdxMX[Z\O<sIv`ngMX[cxhsnx&sIvMvYj\O<X\XcxZlKhOKh`IbON.ON.`IjlWvYOA`nZlOBvZl`
G
MOjlOOj
¤ajlX[ZZ\`.Z\KMOIOj\Z\O±
N ′k 3 Nl
snxavZlKhOx&IcIOSZlKhOsIvhvhj\O<X\X`I
Nl
cx#Z\KhON.ON.`Aj\W ZB`IxhOvYOBI`IZ\OBvZ\`
OBbdOBN.Ox5ZlX`I
N ′k

tOOjlj\cxhqZ\`
N ′k
cfXvh`IxhOcdxavYcdjlOBrZ\bW_5WAcd+cxhqcdZlXcxMvYO±cxZlKhOsnjljls3W`nhZlKhOIIsnZN.`AX[ZB
O(lg2 n)xMOcIK+_a`AjlX`n
N ′i
kJK+gMXs$jlOOBj\OBxMrOqZ\`]s$xhOBcdAK+_a`Aj
Nl
`n
Nj
r`5XoZwX
O(lg lg n)
_hcdZlXBGJKhOSsIxMsnbWYX[cfX
Òúû«Ò÷Ð
 
	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 ]
`IZlKhOX[c`ZO`I
G
cXX\cdN.cbsIjZ\`]Z\KMOsnjlIghN.Ox5ZgMX\OBvcdx ION.NsYFGKhOjlOSZ\KhOr`AX[Z`ns]jlOOBj\OBxMrOSZ\`
s]xhOBcdAK+_a`Ajvh`5O<XI`jl`IN
O(lg n)
vY`FxZl`
O(lg lg n)
KhcrwK&W+cObfvhXZ\KhOrbsIcdN.O<vr`IN.uhbO±YcZoWA
JKhOsAvhvYcdZ\c`IxMsIb0r`AX[Z`Aj
G′
cfXX[gh_MbdcxhOBsIjX[cxMrOScdZKasIX
O( n
lg2 n
)
IOj\Z\cfrO<X_+W qW5u0`nZlKhOBX\cfX°.snxav
O<vYIO<X_+W ^W+u0`nZ\KMOBX\cX^{]snxavO<sIrwK&r`5XoZwX
O(lg n)
_hcdZlXB
P ,   / 3lpmoQ[mSlf09lpB6S5:Ulf0  @A24<5 3/01012435768965i:
JKMO¨sI_a`FAOjlsIN.O`IjOD-O<sIX\cdbW­snuhuhbcOBXZ\`-Z\jlOO<XF¢s Z\jlOO¨cZlK
n
AOj\Z\cfrO<XrBsnx®_0O¨j\O<rghjwX[cIOBbdW
vhOBr`AN.ua`5X[O<v cxAZl`¨Z\cx5W Z\jlOOBX.`Ib`I5snjlcZlKhN.crX[c`ZOAcdZ\KX[cfvYO<Xr`IxaX[cfXoZlcdxM`IOBvhIOBXr`IxhxMOBr§ZlcdxM
xM`+vhOBX`nGvYc0OBj\OBx5ZZlcdx+WZ\jlOOBXB
R`Aj\Ocx5Z\OjlOBX[Z\cxhAbdW qW5u0`nZlKhOBX\OBXIa+M~YM°]sIxMv{$sIj\OxMsnZ\ghjwsnbbdWXlsFZlcX[¤MO<vKhOBx#vhOBsnbcxhcdZ\K
N.O<X[Kr`IxhxMOBr§Zlcd+cdZoW c Z\KMsnZcfXBA`AjNsnuaX`AxX[gMj[ÉsArOBXe§ t `Abdb`Fcxh`IjcdxaXoZwsnxMrO KMÎ+sZ\jlcsIxhIghbfsFZlcd`Ax
M
cdZ\K
n
ÉsIrO<XrBsnx­_0Ouasnj\Z\cdZ\c`IxhO<vcdx5Z\`¢Z\cx+W"jlOAcd`AxMX_+WvYOBr`IN.u0`AX\cdxh-snx®sIj\_hcdZ\jwsnjlW-vhgMsnb
X\uMsIxhxhcxh¨Z\jlOOcxAZl`¡Z\cx+W Z\jlOO<X c ZlKMsFZcfXBsX\uMsIxhxhcxh¨Z\jlOO`nSZ\KMO¬vYgMsIb^IjwsnuhKr`IxhxhO<r§ZlcdxhsIbdbÉsArO<XsIrrj\`5X\XO<vYIO<XOeFghu0`IxjlO`IjlN.cdxM&s c bd`YrsIb euhbsIxMsnjZlj\cfsnxMIghbfsFZlcd`Ax¬jl`IN O<sIrwK¨Z\cx+W¯Zlj\OBOIsvhOBr`AN.ua`5X[cdZ\c`Ix
(M1, . . . , Mp)
cfX`A_YZlsIcdxhO<vhX\gMrwKZlKMsFZ^F
¥kO<sIrwKZ\cx+WZ\jlcsIxhIgMbsnZ\c`Ix&r`Ix5ZwsncxMX_aOZoOBOx 1
12
lg n
snxav 1
4
lg n
Z\jlcfsnxhAbdO<X c Z\KMsnZ^cXB c = 1/4 e¥kO<sIrwKZ\jlcsIxhIbOS_aOBbd`AxhAXZl`O±hsIrZ\bW`IxhOSZlcdx+WZlj\cfsnxhAghbfsFZ\c`IxaX
¥_a`AghxMvhsIj\WOBvYAOBX^sIj\OjlOAj\`Aghu0OBv#cdx5Zl`  i c X\OBe5ghOBxMrO<X`nGOBvhIOBXqX[OBuMsnjwsFZlcdxhcdZ^jl`INZ\KhO]X\sIN.OZlcdx+WZlj\cfsnxMIghbfsFZlcd`AxMXOe
JKMO_0`Ighxav`Ix$Z\KhOx+ghN$_0Oj`IMOBvYAOBX`nMZ\KhOIjwsnuhK
G
Z\KMsnZGvhOBXlrjlcd_0OBXsIv3m[sArOBxMrWjlObfsFZ\c`IxaX_0OZoOOBx
X\cfvYOBX`IZlcdx+WZlj\cfsnxhAghbfsFZ\c`IxaX`Abdb`F^Xjl`IN kgMbdOBj	 Xj\OBbsnZ\c`Ix«
JKhcfXvYcj\O<r§ZsnuhuMbdcfrsnZ\c`Ix¯`IZ\KMO$jwsnN.O`IjOD#Z\`Z\jlcsIxhIgMbsnZ\c`IxMXqgMX[cxh&snx¨snjl_hcZljlsIj\WX\uMsnxMxhcdxM
Zlj\OBO`IjwrO<X^gMXB©sIX^O±YuhbsIcdxMOBv&cx>KdM8aZ\`#r`AxMX[cfvYOBj^Z\KMOrsnZlsIbd`A
Dm,k
`IsnbbuhbfsnxMsIj^Zlj\cfsnxhAghbfsFZ\c`IxaX
cdZ\K
m
OBvYAOBXsnxMv$`IxhO_0`IghxMvMsnjlWrWYrbOIFKhcfrwK$cfXvYcd+cfvYOBvcxAZl`
k
X[cfvYOBXBJKMOOBxAZlj\`Au+WS`IhZ\KMcXGrbsAX\X
`IZ\jlcsIxhIghbfsFZlcd`AxcdZ\Ks._a`AghxMvhsIj\WcXqKh`FOBIOBj
α = 2.17
_hcdZlXquaOBj^ÉsArO c uhbdgaXqs βk lg m ZlOjlN Zl`ZwsDAOkcdx5Zl`sIrBr`Aghx5Z«Z\KhOx+ghN$_0Oj`nMX\cfvYOBXcdx5Zl`qKhcfrwKZ\KMO_0`IghxavhsnjlWcfXvYcd+cfvYOBve§qXsqr`AxMX\OBe5ghOxarOI
ZlKhOsAvhvYcdZ\cIOuMsIj[Z`IZlKhOOBxAZlj\`Au+W¯bdO<sIvhXZ\`¯s&jlOuhjlOBX\Ox5ZlsnZ\c`Ix¨KhcfrwKcXr`IN.uMsAr§ZB_hgYZ]X[gMrBrcxMr§Z
`AxhbW`IjrbfsIXlX`n©Z\jlcsIxhIgMbsnZ\c`IxMXcdZ\Ks_0`IghxavhsnjlW c j\O<rsnbb+Z\KasFZkZlKhOqrbfsIXlXG`IaZlj\cfsnxhAghbfsFZ\c`IxaX`n©Z\KhOX\uhKhOBj\OKMsAX`IxhbWOBxAZlj\`Au+WI A$_hcZwXu0OjZlj\cfsnxhAbdO_e§
G¦x¨X[ghN.NsnjlWI0`IxMOrsIx¯O±Yu0OBrZqZ\KMOAOxhOBjlsIbjlsIN.O`IjODZl`W+cdOBbv¯OBsIX\cbdW&r`AN]uasIr§ZSj\OBuhjlOBX\Ox5Zlsn¥
Zlcd`AxMX`IjN.OBX\K#r`IxhxMOBr§Zlcd+cdZoWcZlK_0`IgMxMvYOBvÉsIrOSvhOIjlOO<X q`FOBIOj<AsAXOX\KMsnbbX[OBOI+N.`IjlOSrBsnjlO
cfXxhOBOBvYO<vZl`rwKh`+`AX\OZlKhOvYO<r`IN.u0`AX\cZlcd`Axcx&`IjwvYOjZl`]uMj\`YvYgMrOs]X\gMrBrcxMr§Z^jlOuhjlOBX\Ox5ZwsFZ\c`Ix
P ,   / 3lpmol  lf3240W3:	 V924B6S24<X6$0
O(1)
576$@A2
GÎZqX[Z\cbb«j\OBNsncxMXZ\``A_MX[OBj\AOqZlKMsFZZlKhONghbZlc¥ÎbOIOBb«XoZlj\gar§Z\gMj\O c vYOBXlrjlcd_0OBv_+WAjlsIuhKMX G sIxMv G′ YZl`n¥AOZlKhOjcZlKZlKhOcdxY`Aj\NsnZ\c`Ix$sAX\X\`YrcfsFZ\O<vcZlK$Zlcdx+WuhcOBrOBX
Mj
e§AvY`+OBXsnbbd`F¡Zl`u0Oj\`IjlN O
$rcOx5Z\bW
X\`IN.Ob`+rBsnb«sAv3m[sIrOxMrWeAgMOjlcdO<X c xhOBcdAK5_0`IjlcxheAgMOjlcdO<X`AxOBbdOBN.Ox5ZlsIj\WrObbXe§
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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  $#
M
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" JKMOcfvYOBscfXqZlKMsFZObON.OBxAZwsnjlW¯rOBbdbfX c ÉsIrOBXBIOj\Z\cfrO<X©O<vYIO<XOesnjlOX\KMsnjlOBv¯_5W¯snZSN.`5XoZ`IxhO`AjZo`¬sIvFm[sIrOBx5ZZ\cx+W¨uMcdO<rOBX c _0OBrBsngMX\O`IZlKhO&vYO¤MxMcZlcd`Ax `nIjwsnuMK G eGO±hrOBuYZ$`AjsX[NsnbbX\OZ`I  C  &J  c X\KMsIj\O<v_+W¡sIx¢snjl_hcdZ\jwsnjlWx+ghN_aOBj`IZ\cx+WuhcdO<rO<XOe¡JKMOuhbfsnxMsIj\cdZoW¡`n^AjlsIuhK
G
OBxMX[gMj\O<XZ\KasFZ]Z\KhOx5gMN$_0Oj]`n^N$gMbZlcduhbOrObbXcfX
O( n
lg n
)
GKhOBxMrO#sIv3m[sArOBxMrW¡e5ghOjlcdO<Xcx+I`Ib+cdxM
NghbdZ\cuhbdOrObbXrBsnx¬_0OsnxMX\OjlOBvcdZ\Ksnx¨sIvhvhcZlcd`AxMsnbcxY`IjlNsFZ\c`Ix«KhcfrwK¬jlOBe5ghcj\O<Xcx¨`FIOjwsnbbs
xMOIbcIc_hbdOsIN.`Ighx5Z^`nGO±5ZljlsX[Z\`AjlsIIOAG¦x5Z\ghcdZ\cIOBbdWAMb`Yrsnbe5ghOjlcdO<Xcx5A`Ib+cdxh.`AxhbdW#s.Z\cx+WuMcdO<rO
MisIj\OsnxaX[OjlOBvbd`+`iD+cxhsFZZ\KMOcdxY`Aj\NsnZ\c`Ix&XoZl`IjlOBvcdxJsn_hbO
A

v3m[sArOBxMrWe5ghOjlcOBXSr`IxarOjlxhcxhOBbdOBN]OBx5ZlsnjlW&rObbfXqcxMrcfvYOBxAZSZ\`Z\KhO]_0`IghxMvMsnjlW`IsZlcdx+W&uhcOBrO
Mj
Mj\OBbdWcxMX[Z\O<sIv#`IxZ\KhO$cdxY`Aj\NsnZ\c`Ix#cdx&IjwsnuMKMX
G
snxavu0`AXlX\cd_hbW
G′
P+`IN.OrBsnjlOSNgMX[Z_0OZwsDIOBx
Zl`vYOBsIb«cZlK#Z\KhOÉsAr§ZZ\KasFZqs]IcIOBx#rObbsFZZ\KMON]OBOZlcdxhu0`Icx5Z^_aOZoOBOxs]bd`IZ^`nZ\cx5WuhcOBrO<XrsIx
Kas3IOs$xh`Ax#r`IxMX[ZlsIx5Zx+ghN_aOBj`nj\OBuhj\O<X[OBx5ZlsFZlcd`AxMXNFKh`FOAOjZ\KhOx+ghN_aOBj`nX\gMrwK#X[u0OBrcsIb«rObbfXcX
xMOIbcIc_hbdOsIxMvZlKhOW#rsIx_0OvYOZlOBrZ\OBv&snZZlKhO
G′
bOAOb8
   # *
3
,h#  #	$	 *	 ( 
G¦x&ZlKhcfXqX\OBr§Zlcd`AxX[O<r§Z\c`IxOvYO<X\rj\c_aOs.uMsnj\Z\cfrghbfsnjrsFZwsnb`I.`nZlcdx+W&eAgasIvYjwsnxhAghbfsFZ\c`IxaXsIxMvsnx¯sIb¥
A`IjlcZlKhN Zl`vYO<r`AN]u0`AX\OsIx5WcdjljlOBvYgMrcd_MbdOe5gMsAvYjwsnxhAghbsnZ\c`IxMXcx5Z\`Zlcdx+W¡jlOIc`IxaXZlsiDIOx¡jl`IN Z\KMcX
rBsFZwsnb`IMJKhcfXrsnZlsnb`I.XlsFZ\cfX[¤MOBXe5gMsnZ\c`Ix¡X[`Z\KMsnZZ\KhOjwsnN.OB`AjD.W+cdOBbvMXs]X\gMrBrcxMr§Z^jlOuhjlOBX\Oxh¥
ZwsFZlcd`Ax«¬P+cxMrOcdjlj\O<vYgMrcd_hbOe5gMsAvYjlsIxhIgMbsnZ\c`IxMXsIj\OmogMX[Z]sIxh`nZlKhOjj\OBuhjlOBX\Ox5ZlsnZ\c`Ix¡`n^~F¥¦r`AxhxhO<r§Z\O<v
uMbsIxMsnjIjwsnuMKMX5ZlKhOj\O<X[gMbZ^Kh`AbvMX`IjZ\KMOBX\OSNsIuMX^sIXObb8
j ,$+  B724m6$@;6$01l B6S24<d/0
3  3/01012435C2# =B7lpQ51<  V9l 1B7lf09=VWmSl 576S/0W< lf0  5CB72?2<
ibsIxhOZ\jlOO<XqsIj\OuMbsIxMsnj^NsIuMX^cdZ\K¯`AxhbW`AxhOÉsIrOIaZ\KhO`IgYZlOj`IxhOA G¦x¯`nZlKhOjqZ\OjlNXauhbfsnxhO$Z\jlOOBX
`AxhbW¯vYc%©Ojj\`AN%Z\KhOrbsAX\X\crBsnb`IjwvYOjlOBv¯Z\jlOO<Xcx¨Z\KhO]ÉsAr§ZZ\KMsnZZ\KhOBW¬snjlO]xh`nZjl`5`IZ\O<v _hcxMsIj\W
Zlj\OBO$cfXsuhbfsnxMOZ\jlOO.X\gMrwKZ\KasFZOBsIrwK¬IOj\Z\O±KMsIX~xMOcIK+_a`AjlX c sIxMv¯KMOxMrO]X[`AxMXqcdjl`+`nZ\O<ve§AOj\Z\O±cfXqs.bOBsFGcdkcZSKMsIXqvYOAj\OBO
1
M`IZ\KhOBj\cfX\OcZScXsnxcxAZlOjlxMsnbxh`YvYOI vYAOBXqcdxMrcvhOx5ZqZl`bdO<s3IOBX
sIj\OrsIbdbOBv   Yj\OBN.sIcdxMcdxh]OBvhIOBXsIj\OrBsnbbdO<v  Y 
 e5gMsIvYjwsnxMIghbfsFZlcd`Ax#cfXqsuhbfsnxMsIjqNsnu¯Kas35cxhsIbdbcZwXÉsIrO<X^`IvYOAj\OBO
4
S vYcfX\X\OBrZ\c`Ix¯`IGZ\KhO
KMO±hsnA`Ix¡_+W¡e5gMsAvYjwsnxhAghbsIjÉsIrOBXcfX]suhbfsnxMsIj$NsnuKh`5X[O`IgYZlOj$ÉsIrOKMsIXvYOAj\OBO
6
sIxMv¡cdxMxhOj
ÉsArO<XKMs3IOvYOBIjlOOS°Mkye5gMsIvhjlsIxhIghbfsFZlcd`Ax`Aj^vYcXlX\OBr§Zlcd`Ax`IZlKhOKhO±YsII`Ax_+We5gMsIvhjlsIxhIghbfsnjÉsIrOBX
cfXXlsncfvcj\jlOBvhgMrc_hbOScdcZ^KMsAXxh`X\OuMsIjlsnZ\cxh
4
¥ÎrW+rbdO c OsnbfX\`.rBsnbb©Z\KhOBN   &  g!  e§JKhO.`Abdb`Fcxhr`IxaXoZlj\gMrZ\c`Ix¨cXN]`Aj\O.`AjbdO<X\Xs`Ib`D+bd`Aj\O.FsnjlcfsFZ\c`Ix¨`IxZ\KMOXoZwsnxMvhsIjlv¨vYgMsIbdcdZoW
r`IxMX[Z\jlgMrZ\c`Ix.`IjuhbfsnxMsIjNsnuMXNFIcIOxs~F¥¦r`AxhxhOBrZ\O<v.uhbsIxMsnjNsnu
M
+r`Abd`AjcdZlXIOj\Z\cfrO<Xkcx_hbfsIrD
sIxMvuMgYZqs$KMcZlOIOj\Z\O±cdxZ\KMOSN.cfvhvYbO`nO<sIrwKÉsIrOsIxMvZlj\cfsnxhAghbfsFZ\OSOBsArwKÉsArOSj\`AN Z\KhcfXKhcdZ\O
AOj\Z\O±©.JKhO.jlOBX\ghbZlcdxM#xMO O<vYIO<XS`IjlNUs&e5gMsIvYjwsnxMIghbfsFZlcd`Ax
Q c OBsIrwK¬ÉsIrOcXNsIvhO]`IZlKhO.Zo`Zlj\cfsnxMIbOBXcxMrcfvYOBxAZZ\`¨snxOBvhIO`I
M
e§JGÎZ]cXxh`nZ.vYc$rghbdZ$Z\`¨rwKhOBrD¬Z\KMsnZ$ZlKhO#~n¥Îr`IxhxMOBr§ZlOBvYxMOBXlX
`I
M
cfXO<eAgMcdFsnbOx5ZZl`Z\KMOcdjljlOBvYgMrcd_McdbcZoW¨`n
Q
 t cdxMsIbdbW¨bdOZgMX$`I_MX\OjlIO]Z\KasFZ$cdZcfXu0`AXlX[c_hbOZ\`sAX\X\`YrcfsFZlOqsjl`+`nZ\O<vvYcfX\X\OBrZ\c`Ix
d
`IZ\KhOSKhO±hsII`Ix.Zl`]s$j\`+`IZ\OBvcjlj\O<vYgMrc_hbOe5gMsAvYjlsIxhIgMbsnZ\c`Ix
Q
_+W
vhObOZ\cxh]Z\KMOj\`+`nZO<vYIOA
Òúû«Ò÷Ð
 
		! " $#%&		'(	 A
t cIghjlO$YF t cdjwXoZikcfr§Zlghj\O<XvYOBXlrjlcd_0OZ\KhOrb`AX\ghjlO K |_M«vYO¤axhcdxM$ZlKhOr`IjljlOBX\ua`AxMvYOxarO^_0OZoOOBxuhbfsnxhOjl`+`nZlOBv_hcxMsnjlW"Z\jlOO<XsIxMv­cj\jlOBvYgarc_hbdO¨vYcfX\X\OBrZ\c`IxMX`nZlKhO¬KMO±hsnA`Ix« JKhOvhcXlX[O<r§Zlcd`Ax®snxMv Z\KhO
r`Ijlj\O<X[u0`IxavYcdxM
3
¥Îr`IxhxMOBr§ZlOBv]IjwsnuMK.sIj\O^sIbX\`X\Kh`Fx« bfsIrD]rcjlrbdO<X c jlOBX\u«KhcdZ\OqrcdjwrbO^eGj\OBuhj\O<X[OBx5ZAOj\Z\cfrO<X`IZlKhOuhjlcdNsIb c vYgMsIb eAjlsIuhK«
G¦x5Z\gMcZlcdAObWIhs]eAgasIvYjwsnxhAghbfsFZ\c`Ix
Q
rsnx_aO+cOOBvsAXsIxcN.uhbdcfrcdZj\OBuhjlOBX\Ox5ZlsnZ\c`Ix`Is$uMbsIxMsnj
NsIu«YcdxavYgMrO<v&cZlKs_Mcr`Ib`IjwsFZ\c`Ix`ncZwXIOBj[ZlcrOBXNFKhcZlO c jlOBX\u«G_hbfsIrD7eIOBj[ZlcrOBX`n Q X[ZlsIxMv`IjÉsArO<X c jlOBX\u«IOj\Z\cfrO<XOe`IZlKhO`IjlcdAcdxMsIb©N.sIu c X\OO t cdAghj\O._e§R`Aj\O$uhj\O<rcfX[OBbdWAMZlOBX[Z\cxhsAv3m[sIrOxMrWjlObfsFZlcd`AxMX^_0OZoOOBx¯IOBj[ZlcrOBXsnxMv&ÉsArO<X^cx¯Nsnu
M
r`Ijlj\O¥
X\u0`IxMvhXZl`sIxMX\OBjxhOBcdAK+_a`Aj\cxhe5ghOBj\cOBX`AxAOj\Z\cfrOBXcxMrcfvYOx5ZZ\`SZlKhOX\sIN]OÉsIrOcdxZ\KhOe5gMsAvYjlsIxhIgh¥
bfsFZlcd`Ax
Q
pGÎZcdbb©uhjl`FIOqr`Ax+IOxMcdOBxAZZ\`.vYOBXlrjlc_aOS`Ighjr`AxMX[Z\jlgMr§Zlcd`AxcdxZ\OBj\N`Ie5gMsIvYjwsnxMIghbfsFZlcd`AxMX
j ,P   243/@AQ /<R6576S/T0 /-n 5 512  V1l1B7lf09=VWmSl 576S/0
ªgMjvYO<r`AN]u0`AX\cdZ\c`IxX[Z\jwsFZlOAWScbbAZwsDAOsAvYFsnx5ZlsIIOk`IhZ\KhOÉsAr§ZZ\KMsnZcjlj\O<vYgMrc_hbOvYcfXlX[O<r§Z\c`IxaXsAvYN.cZ
s.X\uaO<rcfsnb«rbsAX\X`IrsIxh`IxMcrBsnb«X\uMsnxhxMcdxhZ\jlOO<XMcdx5Z\jl`YvYgMrOBvcdxrK |_MgF
  · · É · 	/ 7WY ! 	+ !  
7W`	_  $# 	h g% 
n
	R i
	 J  &	_  S#   &  O! 7 f 
n
	 	!!-R! X	   9C  
O(n)
g( "
IOZgaX$X\ghuhu0`AX\OZ\`KMs3IOsIxcdjlj\O<vYgMrcd_hbOvYcfXlX[O<r§Z\c`Ix
Q
`IZ\KhOKhO±hsnA`Ix¡cdZ\K¢e5gMsAvYjlsIxhIgMbsIj
ÉsArO<X t `Abdb`Fcxh$ZlKhOZ\jws3IOBjlXlsnb©X[Z\jwsFZ\OBIWO±+uMbsIcdxhO<vcxrK |M8hcdZ^cfXua`5X\X\cd_MbdOSZ\`.u0Oj\`IjlN snx#`Iu0OxMcdxhsIbdA`IjlcZlKhN `Ax
Q
KhcrwKjlOZlghj\xaXs_hcxMsnjlWZ\jlOOiFZ\KMO^j\O<X[gMbZcfXsIOj\Z\O±]X\uMsnxMxhcdxMZ\jlOO^`I
Q
AKh`5X[O
r`IN.uhbOZlOkrb`AX\ghj\O K |h_I«OBN]NsqMIcfXO±hsIrZ\bW^ZlKhOk`IjlcIcxMsnbnvYcfXlX[O<r§Z\c`IxS`n+ZlKhOkKhO±YsII`Ax c r`IjljlOBX\ua`AxMvYcxhZl`s
3
¥¦r`AxhxhO<r§Z\O<v]uhbsIxMsnjGAjlsIuhKeR`Aj\OuMj\O<rcfX[OBbdWcZcfXs_McdxMsIj\W$Z\jlOO
B
`Ax
n
xM`+vhOBXGKMs3+cxh
n+2X[Z\OBNXsnxMv
(n − 1)
cdxMxhOjO<vYIO<X c Z\KMOr`IjljlOBX\ua`AxMvYOxarOScXcbdbgMX[Z\jwsFZ\O<vcx t cdAghj\O^e§IOZ$gMX$j\O<rsIbdbs¯uhj\OB+cd`AgMXjlOBX\ghbZ$r`IxMrOjlxhcxh&Z\jlOOvhOBr`AN.ua`5X[cdZ\c`IxMXBXoZwsFZ\O<v¨cdxZlKhO`Abdb`FcdxM
ION.Ns7KB^MF
³ 
 
     	 		h 
B
 
n
 i
	 J	o7 g 	  17		

δ
!  	
  L 	 
J	 	gg!   $#
B
 	
#	o hX S#     Bj ! _ %$^E	g  #h
δ ≤ ‖Bj‖ ≤ 3δ
"
quhuhbW5cxh]X[OBIOjwsnb+ZlcdN.O<XkZlKhOsIbdA`IjlcZlKhN sI_a`FAOInO^`I_hZlsncxsuMsIj[ZlcZlcd`Ax`n
B
cx5Z\`$X\NsnbbM_hcxMsIj\W
Zlj\OBOBXKMs3+cdxM_0OZoOOx 1
3
lg2 n
snxMv
lg2 n
xh`YvYO<XKMcrwK¨snjlOZ\KMOx¡vYOBr`IN.ua`5X[O<vcxAZl`Zlcdx+W_hcxMsIj\W
ûû Åuvwx
3   	 W`O	o
	^&	i1
Zlj\OBOBXKMs3+cdxM¯_aOZoOBOx 1
12
lg n
sIxMv 1
4
lg n
xM`+vhOBXB¡P+garwK¢s¬vYO<r`AN]u0`AX\cdZ\c`Ix`Aj\N s¯uasnj\Z\cdZ\c`Ix `I
ZlKhOO<vYIO<X`n
B c KhcfrwK¯snjlOOBvYAOBX`IZlKhO$`Aj\cIcxMsIb«eAgasIvYjwsnxhAghbfsFZ\c`Ixe§ I«OZgMX^`A_MX[OBj\AOSZ\KMsnZq`IxhbWxM`+vhOBXBaZlKh`AX\O$KMcrwK¬sIj\Oj\`+`IZlX^`IkZ\cx+W c jlOBX\u«SX\Nsnbb e^Z\jlOO<X©snjlOX\KMsIj\O<v&_5WvYc©OjlOx5ZZlcdx+W c jlOBX\u«X\Nsnbb eZ\jlOO<XF^O<sIrwK¯`IkZ\KMOBX\Oxh`YvYO<X c KMs3+cdxMvYOBIjlOO d ecXSX\uhbdcdZScx5Z\`&svYOBIjlOO d − 1 j\`+`IZ`nk`AxhOZlj\OBO c i i Z\jlOO_esnxMv#s]bdO<sF`nsIxh`nZlKhOjZlj\OBO c 	  Zlj\OBO^eJKhOs3WOKMs3IOuasnj\Z\cdZ\c`IxhO<v
B
IgMsIjlsIx5Z\OO<XZ\KasFZ$x+ghN_aOBj$`nZlcdx+W c jlOBX\u«¬X\Nsnbb eSZlj\OBOBX$cX
Θ( n
lg n
) c jlOBX\u« Θ( n
lg2 n
)
e§
j ,j ."/-B7B724< Q /0 9240W32  25qr2?240 576$0T:  V9l 9Blp01=V1m$l 5C6$/01<Xlf0  576$0T: 5CB72?2<
JKMOksncN®`n+ZlKhcXX[O<r§Z\c`IxcfX©Z\`vYOBXlrjlcd_0OksrsIxh`IxMcrBsnbFs3W^`n+`I_YZwsncxhcxh^svYOBr`IN.u0`AX\cZlcd`Ax
{M1, . . . , Mp}`I
Q
MX[Zlsnj\Z\cxhj\`AN ZlKhOvYOBr`IN.u0`AX\cZlcd`Ax`IZ\KMOIOj\Z\O±X\uMsnxhxMcdxhZ\jlOO
B

qOjlOOX[ghuMua`5X[OSOsnjlOqAcdAOx`IxhOZ\cx+WZ\jlOOA+vhOxh`IZ\OBv
T Bj
YKMs3+cdxh
nj ≤
1
4
lg n
xM`+vhOBXsnxMv
wj
ÉsnbfX[OX[Z\OBN.XB`A_YZlsIcdxMOBv_5WvYOBr`IN.ua`5X[cxh
B
FSOsnjlO.I`IcxhZ\`¯X\Kh`F Kh`F Z\`uhjl`YvYgMrO.sZlcdx+W
e5gMsAvYjwsnxhAghbsIjNsIu`IX\c&ZBO
Θ(lg n)
jl`IN
T Bj

 Z\cx+W.Z\jlOO
T Bj
KMsIX
nj
xM`+vhOBXsnxMv
nj + 2
X[Z\OBNXFGOxM`F vYcX[Z\cxhAghcX\KZo`oD5cxMvhX`IbOBs3IO<X
t cjlX[Z\bWZ\KhOBj\ONs3W#O±YcfXoZX\`IN.ObOBs3AOBXKMcrwKOjlOsnbj\O<sIvYWbdO<s3IO<Xcdx¯Z\KhO`Aj\cIcxMsIbZ\jlOO B ^÷ZlOjZlKhOqvYO<r`AN]u0`AX\cdZ\c`IxsnbI`Aj\cdZ\KhN cXuaOBj[`Aj\N.OBv«nZ\KMOjlO^snjlOxh`F"X\`IN.ObOBs3AOBXKhcfrwKsAXGcxhxhOjxh`YvYOBX
cx
B
_0O`IjlOOX[uhbcdZ^Z\KhOBN FkZ\KMOcjqcxMrcfvYOx5Z^O<vYIO<X^snjlOxh`FrBsnbbdO<v #	    tOBrBsnbbZ\KasFZ^Zlcdx+W
Zlj\OBOBXsnjlOj\`+`nZlOBv c j\`+`nZwXsnjlOX\KMsnjlOBv¡_+W¡vYc%©OjlOx5ZZlcdx+W¨Z\jlOO<XOeGsnxMv¨ZlKhOx+ghN_aOBj$`nÉsIbX\OX[Z\ONXcxsZ\cx5W¬Z\jlOO.cfXxh`nZ¤M±+O<vsIxMv¨cZjwsnxMIOBXScx
0 . . . nj + 2
vYOBuaOBxMvYcxh`Ix¨Z\KMOs3W
B
KMsAX_0OOx
uasnj\Z\cdZ\c`IxhO<v
· I   · 	 ³
q`F cdZX\g $rO<XZ\`snuhuMbdW¯s§b`YrsIbrbd`5X[ghjlO$snbI`Aj\cdZ\KhN&cxMX\uhcdjlOBv¯Z\`#Z\KMO]`AxhO]cdx5Z\jl`YvYgMrOBv¯cx K |M8
KM`AX\OSNsIcdxX[Z\OuaX^snjlObdcfXoZlOBv#_0Ob`F c j\O<rsnbb©Z\KasFZ^cxZlKhO`Aj\cIcxMsnbsIbdA`IjlcZlKhN `n K |_M8MZ\KhOBj\OsIXxh`vhcX[Z\cxMr§Zlcd`Ax&_aOZoOBOxZ\jlghOsnxMvÉsnbfX\OX[Z\OBNXOe
IOZgMXuaOBj[`Aj\N srr"Z\jws3IOjwXlsnb+`n
T Bj
AX[ZlsIj[Zlcdxhjl`IN cdZlXkjl`+`nZsIxMv.sIb&D+cxhsnb`IxMcZwXkOBvhIOBX
c cdxMxhOjO<vYIO<XhX[Z\OBN.XqsnxMvÉsnbfX[OO<vYIO<XOe
 £­KMOxZljls3AOjwX[cxhs.Z\jlghO$X[Z\OBN&aKhcfrwKcfX^uhjlOBrOBvYO<v&_5W&~cx5Z\OjlxMsIbxh`YvYO<X c sIxMv&xh`IZSX[Z\ONXe§cdZlX^bd`YrsIbrb`AX\ghjlOr`IxaX[cfXoZwXcdx&bcdxD5cxhcdZlXqcdxMrcvhOx5Z^xh`YvYOIMcZlK&Z\KhOuMj\O<rOBvhcdxh]ZlKhcdjwv#xh`YvYO c `Ax&Z\KhO_0`IgMxMvhsnjlW`IZ\KMO`IgYZlOjÉsIrO^eZl`.rj\O<sFZlOs.e5gMsAvYjlsIxhIgMbsIjÉsArO c s.KhcdZ\OSÉsArOcx t cIghjlOe§
 £¨OvY`xh`nZu0Oj\`IjlNZ\KMON]OBj\AcdxM]`IÉsIbX\OXoZlONX c vhjls3x#cZlKX[Nsnbb«rcjwrbOBXcx t cIghjlOie§
 £­KMOxZljls3AOjwX[cxhs c Z\jlghO^eXoZlON s Axh`IZuhjlOBrOBvYO<v._5W~Zlj\gMO^xh`YvYOBX c `Aj\cIcxMsIbhxh`YvYOBXO±YcfXoZlcdxhcx
T Bj
ecZwXbd`YrsIbrbd`5X[gMj\O]r`IxaX[cfXoZwXScdx¨sFZ[ZwsIrwKhcxh#s C oh 	 	C`	 #	i c sAj\OBW#ÉsIrO]cx
t cM&ieSZl`&Z\KhO_0`IgMxMvhsnjlW¬`I T Qj cdx X\gMrwKs&s3WZ\KMsnZZ\KMOvYghN.N$WÉsIrOcXZ\KhOBxcdxMrcvhOx5ZZ\`ZlKhO$X[Z\OBN
s
snxav#vh`5O<X^xh`IZqOxarb`AX\Os.ÉsnbfX[OXoZlON xh`Ijqs Co h  Y c c8 OI^snxO<vYIOcxMrcvYOBx5Z^Z\`svhghN.N$WÉsIrO^euhjlO+c`IgMX\bdWsAvhvYOBv«P+cN.cdbfsnjlbWIFIOBj[ZlcrOBXcdxarcfvYOx5ZZ\`vYghN.NWÉsIrO<XAsnxMv$xh`nZO±YcfXoZlcdxh
cx#Z\KhOZlcdx+WZlj\OBOIhsIj\OrsIbdbOBv Cooh 	_! 
G¦x­ZlKhcfXs3W¢O¬uMj\`YvYgMrO¬s uMbsIxMsnjNsIu Kh`AX\O¯cx5Z\OjlxMsIb^ÉsIrOBX#snjlO¬snbbe5gMsAvYjwsnxhAbdO<Xsnxav
Kas35cxhsIx`IgYZlOjÉsArO`Isnjl_hcZljlsIj\WX[c`ZOYFcxhxhOBjqOBvhIOBX c cxZ\KhO$Z\jlOO_eNs3Wxh`F _0O$cxMrcfvYOx5Z^ZocfrOZl`¨Z\KhO&`IghZ\Oj.ÉsArOA"JKhO&uhbfsnxasnjr`AxhxhO<r§Z\O<v NsnuaX.`I_YZwsncxhOBv-cdx"ZlKhcX.s3W snjlO&snbfX[`¡rsIbdbOBv h
Òúû«Ò÷Ð
 
		! " $#%&		'(	 <~
root
false stem
true stem
t cIghjlO¨7F ªgMj#b`YrsIbSrbd`5X[ghjlOI JKMOjlOBX\ghbdZ#`IZ\KhOrbd`5X[ghjlO¬`AuaOBjlsnZ\c`Ix®vh`5O<X&vYOu0OxMv `Ix®Z\KhOvhcX[Z\jlcd_MgYZ\c`Ix"`nSÉsnbfX[OX[Z\OBN.XBsnxMv"vYc0OBjlX]jl`IN ZlKhO`IxMO&vhO¤MxhO<v"cdx K |_M8LG¦x"`IgMjO±hsnN.uhbOIZ\KhO
_McdxMsIj\W¬Z\jlOOKMsIX
11
cdxMxhOjIOj\Z\cfrO<X
11 + 2
bdO<s3IOBX c Z\jlghO#snxMv¨ÉsIbX\OX[Z\ONXBcdxMrbdgavYcdxM¯Z\KMOX[Z\ONcxMrcvYOBx5Z$Z\`¯Z\KhOj\`+`nZe§Gsnxavrsnx_0O`AuYZ\cNsnbbdW¨Oxar`YvYOBv _5WZ\KMO_hcxMsnjlW¨`Ajlv¨`nbOxhIZ\K
2 · 11
F
1101001011001001011000
<KhcbdOZ\KhOr`Aj\jlOBX\u0`IxMvYcxhÉsIbX\OX[Z\OBN.XvYcfXoZlj\c_hgYZlcd`AxcfXvhO¤MxhO<v_+W]Z\KhO
_McZ\¥8AOBr§Zl`Ij`nbOxhIZ\K
13
snxMvOBcdAK5Z
4
F
0000100001101

	 	C`	g! 7 c ZlKhO&j\O<X[ghbdZ`I^Z\KMOuhjl`YrO<vYghjlOsn_0`FIOcX]X\Kh`Fx cx t cIghjlO#e GÎZ]cfX]OBsAX[W¨Z\``A_MX\OjlIOZlKMsFZsnbbZ\KhOÉsIrOBX`nkZlKhO.cdxhcdZ\cfsnbGe5gMsAvYjlsIxhIgMbsnZ\c`IxKMs3AO_aOBOx¡sIXlX[cIxMOBv#Z\`#O±hsAr§Z\bW&`IxhO
Zlcdx+We5gMsAvYjwsnxhAghbsnZ\c`Ix«YsAXZ\KhOBWsnjlOScdxMrcvhOx5Z^OBsArwKZl`]`AxhOSZ\jlghOX[Z\ON&
ªxMrOSZ\KhOcxhcdZ\cfsnbX\uMsnxMxhcdxMZlj\OBO
B
KMsIX_0OOBx&vhOBr`AN.ua`5X[O<vYOKas3IOZ\`X\uaO<rcdWs.j\gMbdOS`Ij^sAXo¥
X\cIxhcxh c Zlj\ghO_eGX[Z\ONXGcxMrcvYOBx5ZGZ\`xh`YvYO<XkX[KasnjlOBv_5W$Z\cx+W$Zlj\OBOBXB£¨O^uhjl`+rOO<vsAX`Ibbd`F^XBIsAX\X\ghN.cdxMZlKMsFZ
v
cfXX\KMsnjlOBv_+WZo`Z\cx+WZlj\OBOBX
T Bj′
snxMv
T Bj′′
hsnxMv&vYOBxh`nZlcdxh]ZlKhOua`5X\X\cd_MbdWcxMrcvYOBx5ZqXoZlON
_+W
s c X\OObfsIX[ZicrZ\ghjlOBXcx t cda_eF¥cdZ\KMOjlOO±+cfX[ZlXScdxZ\KMO]vYO<X\rOxMvMsnx5ZZlj\OBO
B
sIx¬cxhxhOjO<vYIO
e
cxMrcvYOBx5ZSZl`
v
Zl`ZlKhO.bdO÷Z`n
s

ZlKhOx&OsFZ[ZwsIrwKZ\KhOX[Z\OBN
s
Zl`.Z\KhOZlcdx+WX\gh_Y¥8Z\jlOO
T Bj′′
KMs3+cdxh
v
sAXj\`+`nZ^sIxMvr`Ix5ZlsIcdxMcdxh
e

¥`nZlKhOjlcX\O
s
cfXZ\KMObO÷ZlN]`5XoZX[c_hbcdxM`nkxh`YvYO
v
cx
B
0sIxMv&O]vY`snZ[ZlsArwK
s
Z\`ZlKhOsIxMrO<XoZl`Ij
Zlj\OBO
T Bj′

·+¶ ¸ ·«³  ·  8F
 ³5¶$· ¢    ´
³ 
 
      	 	 	 	C&	! 
Q
f 
n
	_g!O !% C   g g O	 ihW 
	 i 17 ! 
{T Q1, . . . , T Qp}
 h  &   	 	iC&	g! (	  #h 'hO7  
! ! !  	  	 !d	  7 h! 	 W	g!   S#
Q
 C 	h1 g!	 h
2n + o(n)

"
  N $#
" IOZgMX`A_MX[OBj\AOqZlKMsFZZlKhOsIvhvYcdZ\c+cZoWK5W+u0`nZlKhOBX\cXKM`IbfvhXhX\cxMrO c Zlj\gMO^exh`YvYOBXcx#Z\cx+We5gMsIv+¥jwsnxMIghbfsFZlcd`AxMX c xh`YvYOBX^`nZ\KhOZlcdx+WX\uMsnxMxhcdxMZlj\OBO^esIj\OSxh`nZqX\KMsIj\O<v_+WZ\cx+We5gMsAvYjlsIxhIgMbsnZ\c`IxMXB
ûû Åuvwx
B°   	 W`O	o
	^&	i1
v v′
v′′
T Qj′
T Qj′′
e s
v v′
v′′
T Qj′
T Qj′′
s
v v′
v′′
T Qj′
T Qj′′
q
t cIghjlO$~F JKMOBX\Oikcfr§Z\gMj\O<XqcbdbgMX[Z\jwsFZlOBXZlKhO$jlghbOsAvY`IuYZlOBv#`AjvYcfXoZlj\c_hgYZlcdxMX[Z\ONXSsnxMv c vYghN.N$W7eÉsArO<X_aOZoOBOx#Z\cx+We5gMsAvYjlsIxhIgMbsnZ\c`IxMXX\KMsnjlcdxMs.N$ghbdZ\cuhbOxh`YvYO
v
FkZ\KMOjlOsnjlOvhc%©OjlOx5ZrBsIX\OBXZ\`
r`IxMX\cfvYOj<nvYOu0OxavYcdxM`IxZ\KhOx+ghN_aOBjksnxMv]b`+rBsFZlcd`Ax`I0X[Z\ONXcxMrcfvYOBxAZGZl`
v c cx]Z\KhObfsIX[ZrsAX[OZ\KhOBj\OsIj\OSxh`IZqXoZlONXZ\`vYcfX[Z\jlcd_hghZ\O^e
w1
w2
w′
T Qij1
T Qij2
v
v′
v′′
v′′′
T Qij′
T Qij′′
T Qij T Qij′′′
T Qj′
T Qj′′
T Qj
e′′
2
e′
1
t cIghjlO°F G¦x¡ZlKhcfX t cdAghjlOsnjlO.vhOuhcfr§ZlOBv¡uhjl`Iu0Oj\Z\cOBX`INghbdZ\cuhbdOIOBj[ZlcrOBXBN$gMbZlcduhbOxh`YvYO<XsnxavsAv3m[sIrOxMrWjlObfsFZ\c`IxaX_aOZoOBOxZ\cx5W&e5gMsIvMXkJKhOAOj\Z\O±
w
cXs.NghbdZ\cuhbdO$xh`YvYOIh_0Ob`IxMIcxh]Z\`.Zo`
vhc%©OjlOx5ZZ\cx+WZ\jlOO<XYsnxavX\KMsnjlOBv_+WZ\KhjlOOsIvFm[sIrOBx5ZZlcdx+We5gMsAvhXNFcdZlX^rBsnxh`Axhcfrsnb0jlOuhjlOBX\Ox5ZlsnZ\cIOcX
xM`nZsIxghxhcfe5ghOAOj\Z\O±<_hgYZGr`AxMX[cfX[ZlX«`Ihs^uMsIcdj`nhxh`YvYO<X
w1
sIxMv
w2
£­KhOx]r`AxMX[cfvYOBj\cxh^sNghbZlcduMbdO
AOj\Z\O±
v c xM`nZkN$gMbZlcduhbO^xh`YvYO_e§5X[KMsIj\O<v$_+W$X\OAOjwsnb+Zlcdx+We5gMsAvhXBFZ\KhOBj\OO±YcX[ZkvYc%©OjlOx5Zr`IuhcOBX v′  v′′ 
v′′′
O<sIrwK¯bW+cdxMcx¨svYc%©OjlOx5ZSZ\cx+W¯eAgasIvKh`5X[O]rsIxh`IxhcfrsIbjlOuMj\O<X[OBxAZwsFZlcdAOcXSghxMce5ghOBbdW¯vYO¤MxhO<v
sIxMvr`AcdxarcfvYOBXcZlKIOBj[ZlO±
v
cx
T Qj
I«OZgMX`I_MX\OjlIOZlKMsFZZ\KhOr`AuhcdO<X
v′

v′′
sIxMv
v′′′
`nhsNghbZlcduMbdO
AOj\Z\O±©0xh`IZSr`AcdxarcfvYcdxMcdZ\K¬cdZlXrBsnxh`AxhcrBsnbj\OBuhj\O<X[OBx5ZlsFZlcdAO
v
«sIj\OvYghN.N$WAOj\Z\cfrOBX c cxMrcfvYOBxAZSZ\`s.vYgMN]NWÉsArO^ebW+cdxMcdxsnx&sIvFm[sIrOBx5ZZ\cx5W#e5gMsIv-IsIX[ZikcrZ\ghjlOBX^cdbbdgaXoZljlsnZ\OZ\KMOrsIX\O`nZo`]Zlcdx+W
e5gMsAvYjwsnxhAghbsnZ\c`IxMX
T Qj′
snxMv
T Qj′′
KhcfrwKsIj\OSxh`nZ^sAv3m[sIrOx5ZB+OAOx#cZ\KhOBW X\KMsIj\O s]_a`AghxMvhsIj\W
O<vYIO c snx#OBvYAOScxMrcvYOBx5ZZocrOZ\`]Z\KhO`AgYZ\OBjÉsIrOIYbW5cxhcxZlKhOZ\cx+We5gMsAvYjlsIxhIgMbsnZ\c`Ix T Qj e
Q
cXvYO<r`IN.u0`AX\OBv.cx5Z\`Zlcdx+We5gMsIvhjlsIxhIghbfsFZlcd`AxMX
T Qj
OBsArwKr`AxAZwsncxhcxh_0OZoOOx 1
12
lg n
sIxMv 1
4xM`+vhOBX c xh`YvYO<X`nhZlKhOr`Aj\jlOBX\ua`AxMvYcxhZlcdx+WAOj\Z\O±X\uMsnxMxhcdxMqZlj\OBO^eFKhOjlOZ\KhOr`AxMX[Zlsnx5Z c cx5Z\jl`+vhgMrO<vcx¯P+OBrZ\c`IxcX^X\OZZl` 1
4

JKhO#IjwsnuMK
G
gMX[O<v¡Z\`¨vYOBXlrjlc_aO#sIv3m[sArOxarW¡j\OBbsnZ\c`IxMX$_aOZoOBOxZlcdx+We5gMsIvhjlsIxhIghbfsFZlcd`AxMXcfXs
uMbsIxMsnj]Nsnu c OBsArwK Z\cx+W e5gMsIvYjwsnxMIghbfsFZlcd`Ax cX.s¨r`AxhxhOBrZ\O<v uhbfsnxMsIjNsIu«Kh`5X[OOBvYAOBX]Ns3W_aOcxMrcvYOBx5ZZocfrOZl`SZ\KhO`AgYZ\OBjÉsArOAAsnxavZlKhOxvY`Agh_hbW$r`Aghx5Z\OBv]sIX_0`IgMxMvhsnjlWOBvhIOBXeKMs3+cdxMqÉsArOBX`I
Òúû«Ò÷Ð
 
		! " $#%&		'(	 3{
vhOIjlOOSsFZbdO<sIX[Z
3 c `AjO±hsnN.uhbOIYsvhOIjlOO 2 ÉsArOScdxMrcvhOx5ZZ\`]N$ghbdZ\cuhbOO<vYIO<XrBsnx_aOr`AxAZljlsAr§ZlOBv`A_MX\Ojl5cxhZlKMsFZ.ZlKhO#r`Ijlj\O<X[u0`IxavYcdxM¬X[cfvYO<X]sIj\O#r`AxMX[O<rgYZlcdAOsIxMv¢X\KMsnjlOBv¢_+WZlKhOX\sIN.OZo`¯Zlcdx+W
e5gMsAvYjwsnxhAghbsnZ\c`IxMXe§
qOxMrO kghbOj  X¬jlObfsFZlcd`AxOBxMX\ghj\O<XZlKMsFZZ\KhO-x5gMN$_0Oj¨`nsnjwrX¬`n
G c sIxMv KhOxarO ZlKhO¢x+ghN]¥_0Oj`nX[cfvYO<XOe.cfX
O( n
lg n
)
^W+u0`nZlKhOBX\OBX¬nqY~¢{¡sIxMv° snjlO¯X\snZ\cfXo¤aOBv"_+W Z\KMOvYO<r`IN.u0`AX\cZlcd`Ax
{T Q1, . . . , T Qp}
YKhOxarO'I«OBN.N.sW+cdOBbvMXsX[gMrBrcxMr§ZjlOuhjlOBX\Ox5ZwsFZ\c`Ix`IjZlKhOrbfsIXlX`nGe5gMsIvYjwsnxh¥
AghbfsFZ\c`IxaXsArwKhcO+cdxMZlKhO`IuhZ\cN.sIb«sIX\W+N]uhZ\`nZlcrS_0`Ighxav`I
2
_hcdZlXu0OjqIOj\Z\O±
qOjlO.sIx`A_YmoOBrZ
Mj = T Qj
cfXs ghJ `   	 	C`	g!  F
T Qj
cX`A_YZlsIcdxMOBv5cfs#`Ighj
b`YrsIbMrb`AX\ghjlOj\`AN sSZlcdx+W.r`Ib`IjlOBvZlj\OBO
T T j
KMs3+cxh
nj
xh`YvYOBXB
nj +2
XoZlONXsIxMv
wj
ÉsnbfX[OqX[Z\OBNX
N.`Aj\OB`FIOj
T Qj
cfXcxMvYgMrOBv#cZlKsuasnj\Z\cdZ\c`Ix#`ncZwX_a`AghxMvhsIj\WO<vYIO<Xcdx5Zl`
kj
X[cfvYOBXB 
 Z\cx+W¯r`Abd`Aj\O<v¯e5gMsIvYjwsnxMIghbfsFZlcd`Ax#cfXr`AN]uMbdOZ\ObW¯X\uaO<rcd¤MOBv_+WFs  WYrD`Ajlv`Ax¯bOxhIZ\K
2njc `IjZlKhO_hcxMsnjlWX\uMsIxhxhcxh&Z\jlOO_e§s&_McdxMsIj\W`Ajlv`nbOxhIZ\K nj + 2 sIxMv¨OBcdAK5Z wj c vYOBXlrjlc_hcdxMÉsIbX\OXoZlONXesnxMv&s]_hcxMsnjlW`Ijwv`IbOxhIZ\K
4nj + 6
sIxMvOcIK5Z
kj c vYOBXlrjlc_hcdxM.Z\KhOuMsIj[ZlcZlcd`Ax`I_0`IgMxMvhsnjlWO<vYIO<X`I
T T j
cx5Z\`X\cvYO<XOe
qOxMrO
T T j
rsIx"_0OOxar`YvYOBv"_+W-s¨jlOOBj\OBxMrO#Z\` sIxObON.Ox5Zcx
D
KM`AX\O&r`AX[ZcX
2nj +
wj lg(nj + 2) + kj lg(4nj + 6) ≤ 2nj + βkj(lg nj + O(1)) c sIX wj ≤ kj e§SJKhOr`IxMX[ZlsIx5Z c rsIx_0O.rwKh`AX\Ox¬X\`ZlKMsFZSZ\KMO " snZlsIbd`A
A
r`Ix5ZlsIcdxMcdxhZ\KhO]O±YuhbcfrcdZSjlOuhjlOBX\Ox5ZwsFZ\c`IxaX^`nZ\KhO]ObON.Ox5ZwX`I
D
hj\O<e5ghcdjlOBX
o(n)
_McZwX c jlOBrBsnbb©Z\KMsnZ m ≤ 1
4
lg n
e§
³   ³  ³   
3
µ  ·3³ n ³ ¸   6  h  F   
pScIOBx¢s
3
¥¦r`IxMxhOBrZ\OBv IjwsnuhKcdZ\K
e
O<vYIO<XGO¤MjlX[Z]vhOBX\cdAx-s¬X\gMrBrcxMr§Z.j\OBuhjlOBX\Ox5ZlsnZ\c`Ix`nqZ\KhO
sAX\X\`YrcfsFZlOBv¯e5gMsAvYjlsIxhIgMbsnZ\c`Ix«$P+cxMrOZlKhOr`Aj\jlOBX\ua`AxMvYcxhAOj\Z\O±¬X[uMsIxhxhcxhZ\jlOO]KMsIX
e − 5
cdxhxMOj
xM`+vhOBX c AOj\Z\cfrOBX`nqZ\KhO#uhjlcdNsnbsIxMv¢vYgasnbIjwsnuhKe`IgMjjlOuhjlOBX\Ox5ZwsFZ\c`IxjlOBe5ghcjlOBX]sIX\W5N.uYZl`nZlcrBsnbbdW
2(e − 5) + o(e) = 2e + o(e)
_hcdZlXBMsArr`AjlvhcdxhZ\`
ION.Ns{Y
GÎZX[g $rOBXZl``A_MX[OBj\AOZ\KMsnZ^Z\O<XoZlcdxMsIvFm[sIrOBxMrW#_0OZoOOx&Zo`AOj\Z\cfrOBX c jlOBX\u«Zo`.ÉsIrO<XOe^cdx¯s
3
¥Îr`IxhxMOBr§ZlOBv$IjwsnuhK«FcfXGO<eAgMcdFsnbOx5ZZ\`rwKhO<rDcdMZo`S_MbsArD c jlOBX\u«KMcZlO^exh`YvYO<XksnjlO`Auhu0`AX\cZlOcx]Z\KhOXlsnN.Oe5gMsIvhjlsIxhIghbfsnjÉsArOIMcdx&ZlKhOsIXlX[`YrcsnZ\OBv#e5gMsIvhjlsIxhIghbfsnjNsnu
Q c Z\KhcfX^`AuaOBjlsnZ\c`Ix&rsIx#_0OO
$.¥rcdOBx5Z\bWuaOBj[`Aj\N.OBvcdZ\K&sX\bdcIK5ZlbdWN.`YvYcd¤arsnZ\c`Ix#`n«ZlKhOXoZwsnxMvMsnjwvsIv3m[sArOBxMrWe5ghOBj\cOBXr`AxMX\cvYOBj\O<v
cx I«OBN]Ns.~ie
 016  V12 B724Q1B724< 240T5Cl 576S/0W< n/-B 82?BC576$32<
ªxMONsFmo`IjuMj\`A_hbdOBNUZl`¬X\`IbIOr`AxMrOBj\xaXZ\KhOj\OBuhj\O<X[OBx5ZlsFZlcd`Ax¡`nIOBj[ZlcrOBXBKhcfrwKcfXxh`IZ$ghxhcfe5ghOI
Xsnbj\O<sIvYW`A_MX\OjlIOBv«©s#x+ghN_aOBj`nOBbdOBN.Ox5ZlsIj\W¯rObbXsIj\O.X[KasnjlOBv¯_+W¬X\OAOjwsnbZ\cx+W¯uhcOBrOBXBªxhO
u0`AXlX\cd_hbOX[`AbdgYZlcd`Axr`AxMX\cX[ZlXcxO±Yuhb`IcdZ\cxhZ\KhOr`Aj\jlOBX\u0`IxMvYOBxMrOq_aOZoOBOx#IOj\Z\cfrO<XcxZlKhOe5gMsIvYjwsnxh¥
AghbfsFZ\c`Ix-snxMvxM`+vhOBXcdx¢Z\KhO&X[uasnxhxhcxh¬Z\jlOOI"GÎZX[cN.uhbdW X\g $rOZ\`¡sIXlX[`YrcsnZ\OZl`¬OBsArwK IOBj[ZlO±cx
 Å3ÄMÍ[ÂwÅkÄ\Âw¼6»  Ë¼6Ä[ÄMÈ8º3ÂlÈYÖ§» ÙÄoÅÂÈ6»½ÅËÃ3»½ÅFÂwÀËÈ8ÀÉÄoÄ0¾» È8º
m
Å3¿BÊ<Ä[¼[ØlÈ6º3Ä0Ío¿§ÀÉÀ6Äo¼6ÇI¿§Å<Ê3»½Å3ÖÈ6»½ÅË BÆFÂwÊ<À8ÂwÅ3Ö§Æ	 ÚÂlÈ8»½¿§ÅºFÂw¼
ÂÃn¿§Æ3Å3ÊFÂwÀË¿	I¼6»
[Ä«ÂlÈM×¿§¼ÉÈ
4m+6 
Ñ©¿§Å3ÍoÄoÀ6Å3»½Å<ÖG»½Å3Å3ÄoÀaÄoÊ3Ö§Äo¼[ØÊ3¿§Æ3Ã   Ë»½Å3Ío»½Ê3ÄoÅÈaÈ6¿È6º3Ä«¿§Æ<È8ÄoÀfÂwÍoÄ§Ø§È6º3Äo»½ÀaÅÆ3×ÃnÄoÀY»½¼
m−1
Ø§º3ÄoÅ3ÍoÄÈ6º3Äo»½ÀMÍo¿§ÅÈ8ÀÉ»½Ã3Æ<È6»½¿§ÅÈ6¿È8º3ÄÃn¿§Æ3Å<ÊFÂwÀÉË¼8»
oÄ©»½¼MÂlÈM×¿§¼6È
2(m−1) 
 ÅÈ6º3Ä«¿wÈ8º<Ä[ÀMºFÂwÅ3ÊAØ§È8º3Ä«Ío¿§ÅÈ8ÀÉ»½Ã3Æ<È6»½¿§Å
¿	AÊ<Æ3××ËÂwÍoÄo¼0»½¼M×^Â<»½×Æ3×¾º<Ä[ÅÂÊ3Æ3××ËfÂwÍoÄ«»½¼MÇ3À6¿Ê3Æ3ÍoÄoÊÃËÂÈ6À6Æ<Ä¼ÉÈ8Äo×¡»½××ÄoÊ3»ÚÂlÈ6Ä   ËGÇ3ÀÉÄoÍ[ÄoÊ3ÄoÊ^ÃËÂÂ ½¼8Ä
¼6È6Ä[×Ý0Âw¼È6º3ÄoÀÉÄÂwÀÉÄ
m + 2
¼6È6Äo×¼\Ø3È6º3ÄoÀ6Ä×^Â[ËqÃnÄÂlÈ×¿§¼ÉÈ
dm+2
2
e
Ê3Æ3××ËfÂwÍoÄo¼\ØFÄ[ÂwÍÎºÍo¿§ÅÈ8ÀÉ»½Ã3Æ<È6»½Å3Ö¿§À
4
ÄoÊ3Ö§Äo¼
ÌM»½Å3Â   ËÈ8º<Ä¼8»
oÄ¿	+È6º3ÄÃn¿§Æ3Å<ÊFÂwÀÉË¿	hÂkÈ8»½ÅËÆFÂwÊ3À6ÂwÅ3Ö§Æ  ÚÂlÈ6»½¿§Å»½¼©Ãn¿§Æ3Å3Ê3ÄoÊSÃË
2(m − 1) + 4( m+2
2
+ 1) = 4m + 6 
ûû Åuvwx
<   	 W`O	o
	^&	i1
map G
 
	 
	
	  !"
"#$	%		

&'&()
	(*
		(+,+-/.021,34/+#
5'+)6	34	7&85!*95+:.
B
*
%,'34	7(;,%<=><&/?&85
	;4=*/+@/.
Q
;4+,

+<A
1,534/+5/+6CBD	5<EF5+G	/+E9	8IH>	(	+2+,AJ1,3
+'
5+/
	34	
&8
E9	32E<A@
*+/!K/*
G
6
Q
	@&8

	*F5+34+J+434	L+M	:
	(	
B
62	(+N++	(=+434	+O
T Bj
/
	K+'1,	(AM*9	&("#
P 	3?6CQR	!K/++%5	('&8	7 STF/
	3LE<AK
+<A:
	(	U>&(+@E9	V+'15	(A:'34	(+, P 	73?;
WA,+/R	
XY/Z9[ZF\]XY^)_
`$ab_`dc(`(ZefYeg\ihW` >
	V		7.j+2	k/+&(	>
		6l)	8mmE	(
%	 
n
	k+434	k+o+<A:
		km/	734A:	&/+5+'&(/?
	(*	7	+5
%5	 .

	(.Ip)3!G!A:%5	('&8	70FW%	 	n&(/++'&(9
	(*	7	+5
%5	n+q3"rb	(
	(+,R+<A@1,534
+#
'
5+s6
t u vxw@y>y>z8{@y}|~j2~RvxR{|V|xz8k{~J8k{2~|)~jz8k{2kw@(V|xz8k{2v
V<]TO]4]<=Fj]4:]F]]9xW<<
 R34+	m.5
3
#f&8++	&8	3:/*F(;,H0	 /	V3%W+,
/5	n.=	7&8	+5E I	&8+JEF	(IH0		(+@
+/#

5+R/+F3:
		>+5
434F&8	32+M/ (¡g6
VF}9]]9£¢?¤J¥b¦ `(_`k`
§\'cdeTc Y 2n ¨ ef[ ¨f© X[_d_`8cga[/Z9ª5`8ZbX
`«
`(eg¬}`
`(ZJe ¦ `kX(^YWccV[­®ab^YZb`Veg_``dcm¬®\ie ¦
n Z9[7ª`8c ¦ Yh7\iZ,¯ 2 ^`Yh`dc a`8_Z9[7ª`8° YZbªJe ¦ `LX(^YWccL[I­G_[7[ef`ªa9^Y/Z9Y/_KeT_d\]Y/Z,¯±4^Yeg\][Zc¬®\ie ¦ n + 2h`(_deT\]X`8c8²
'G&85
	*F5+34	+&8	K
	(	75+³/+ [
a`8ZF\iZ,¯8´bX(^[Wcd±4_`oY/^ ¯,[_d\ie ¦,µ¶HR&³&(!G*4
	-*F	7&8'/%5	(	(·*/+++k
	(	=S]HR"
KIH>k	7W%	7®*F	}+434	WU®5+
n
+434	C.5!k
+'
5+
T
;<+3&8	73
HRJ
R!G+!G?	7/¸	(76
¹mº» ¼¾½)¿bÀ}ÁÂÀ}Ã<ÄfÅÄIÀ0ÆÇÀCÈ:Å4Ém½ËÊ}ÌÍjÂnÉ
Îm	(
	CH>	C**F,	CH>	}	®5%5	(+R
,	73m
'/+'
5+
T
HR"

n+2
%5	('&8	)/+3 
	}&85
	*9+3<#
+2%	
	8·-*/+++@
	(	
B
+
n
+434	7(;)HR5	 X[ µ ab^`8ef`:X(^[c±4_
`  
	G+"
j
+'
5+ST&&834+=	k&(,	/Ï7*9	(++G/5!Ð+,
434&(	3@+M (¡Ud6
Ñ +&(	k	(
	=/
	+@	7I
'&d
5+R+J
	k
		
B
Sn'CI +q34	(
	32
		;9HR"
qIH>L	7W%	7
*9	(m+434	7U8;FH>	k&(++/D+q	+	(/x34	&(!G*F,	
B
K	(nG*
"
5+2+,:E4#g
	(	7kS]5D345+	V.
E+AÒ
		Ud6OÓÒ	2	+³!K/5	@	2/.nÔ	8.D
	(AÒ.534	7&85!*95+Ô5
3	(
	3M
		@ Õ/¡g;
	(·4*	7	3:E<AK	V.5HR+Kls	(!G!K
Ö×ØsÖiÙ
 
		! " $#%&		'(	 \
t cIghjlO7F t cjlX[ZGZ\KMj\OBOikcrZ\ghjlOBXkcdbbdgaXoZljlsnZ\OZ\KMOIOj\Z\O±X\uMsnxhxMcdxhZlj\OBO_hc moO<r§Zlcd`Ax.`IjGZlj\cfsnxhAghbfsFZ\c`IxaXvhOBXlrjlcd_0OBvcdxrK_\NMÎ
³ 
 
      	r	
B
 
n
 Y 	 
δ ≥ 2
! (	 O 9Co	W#	o h  $#d   gd7	T 	  	J $#
B
"   %$^'	  #h
Bj ≤ 3δ − 4
S	 
Bj ≥ δ
!  # 7
Bj
i E 1 	r7
O N % S#
B
 "
quhuhbW5cxhX\OAOjwsnb0Z\cN.OBX9ION.Ns]Z\`
B
YO`I_hZlsncxsÉsnN.cdbW`IX\Nsnbb«X[gM_Y¥6Zlj\OBOBXr`FIOjlcxh
B`IX\c`ZO
Θ(lg2 n)
MKMcrwKsnjlOSZ\KhOBx¯vYOBr`IN.u0`AX\OBvcdx5Z\`.Zlcdx+W#X[gh_h¥6Zlj\OBOBXKMs3+cxh
Θ(lg n)
xh`YvYOBXBJKhcfX
ÉsIN.cdbW$`I©X\gh_Y¥8Z\jlOO<X`IjlNXGsr`FIOBjG`n0Z\KhOqxh`YvYOBXG`I
B
X\gMrwK]Z\KasFZkZo`X[gh_h¥6Zlj\OBOBXkrBsnx.cdx5ZlOjwX[O<r§ZG`IxhbW
snZZ\KhOBcdj^jl`+`nZ<
  · B n     ©´  ³+³ 
IOZkgMXk`I_MX\OjlIOZ\KMsnZGZ\KhO^X[Z\jwsncIK5ZksnuMuhbdcfrsnZ\c`Ix]`n0Z\KhOuasnj\Z\cdZ\c`IxhcxhsnbI`Aj\cdZ\KhN `nI«ON.NsYAW5cObfvhX
sÉsIN]cbW¯`nX[gh_h¥6Zlj\OBOBXr`FAOjlcdxMZ\KMO]xM`+vhOBX`n
B
_hgYZxh`IZr`FIOBj\cxhsIbdbGcdZlXOBvYAOBXNFSs#x+ghN$_0Oj`I
O<vYIO<X$`I
B c snxMv¢KhOxarO#`n T evY`¨xh`nZ]_aOBbd`AxhZ\`sIx+W¡X\gh_Y¥8Z\jlOOcdx¢Z\KhOr`FIOjlcxhM G¦x¢`IjwvYOBjZ\`vhcX[Z\jlcd_MgYZ\OOBvYAOBX_0OZoOOBx X[gM_Y¥6Zlj\OBOBXBOcx5Z\jl`YvYgMrO#s¯X\bdcIK5Z$N.`YvYcd¤arsnZ\c`Ix cxZ\KMOuMsIj[ZlcZlcd`AxhcdxM
X[Z\jwsFZlOAWI+uhjl`+rOO<vYcdxM.sAX`Ibbd`F^XB
IOZgMX.rsIbdb
v0
Z\KMOjl`+`nZ.`nSs¨r`AN.uhbdOZ\O<v¢X\gh_Y¥8Z\jlOO
T Bj1 c X\snZ\cfXoW+cxhZ\KhOX\c&ZBO#r`IxMX[Z\jwsncx5ZlXejlOZlghjlxhOBv_+WZ\KhO`Aj\cIcxMsIb©sIbdA`IjlcZlKhN c ION.Nsie§asnxMv&vYOBxh`nZlOS_+W p(v0) cZwXuMsIj\OBxAZxh`YvYOcx B ^÷Z\Ojj\OZ\ghjlxhcxh
T Bj1
AO^sAX\X\cdAx$ZlKhOOBvhIO
(v0, p(v0))
Z\`ZlKhO^jlONsncxhcxhX[gM_Y¥6Zlj\OBOr`Ix5ZwsncxhcdxM
p(v0)
FGZlKhOx&OsAvhv#sbOBsnxM`+vhO
v′0
Mr`Iu+W`n
v0

G¦x#Z\KMcXs3WOrBsnx&Igasnjwsnx5Z\OBO^Z\KasFZ
¥«O<sIrwKX\gh_Y¥8Z\jlOOvY`+O<XXlsFZlcX[WZlKhO^X[c`ZOr`AxMX[Z\jwsncxAZwX c KMs3+cxh_0OZoOOBx 1
12
lg n
snxMv 1
4
lg n
xM`+vhOBXe 
¥O<sIrwKOBvYAOS`I
B
vh`5O<X_aOBbd`Axh]Z\`O±YsAr§ZlbdW`AxhOX[gM_Y¥6Zlj\OBO 
¥Z\KhOSx+ghN$_0Oj`nvYghuhbcrBsFZlOBvxh`YvYO<X c jl`5`IZlX`nX\gh_Y¥8Z\jlOO<XOe5sAXObb0sAXkZlKhOqx+ghN_aOBj`nX\gh_Y¥8Z\jlOOBXcx#Z\KhOr`FIOBj\cxhM5cfXcdx&`FIOBjlsIbdb
O( n
lg n
)

1,P ."/-B7B724< Q /0 9240W32  25qr2?240 576$0T: 5CB72?24<>lp0  576$0T: 5CB6Slf01=V1m$l576$/01<
XvY`AxhOG`Aje5gMsIvhjlsIxhIghbfsFZlcd`AxMXBcdZcfX«u0`AXlX[c_hbOGZ\`qvhO¤MxhOsb`+rBsnb & CO9	   R c cdxaX[uhcjlOBvSZ\`qZ\KhO`AxhOvhOBXlrjlcd_0OBvcx K_\NM e§FuMj\`F+cfvYcdxMqs^r`Aj\jlOBX\u0`IxMvYOBxMrO_aOZoOBOxZlcdx+WSZ\jlOO<XsnxavZ\cx+WZlj\cfsnxMIghbfsFZlcd`AxMX
t cjlX[Z\bWI5cs T T j KMsAXsIxcdxMxhOjxh`YvYO v `nvYOBIjlOO 3 5KhcfrwKsnuMuaO<snjwXsIXj\`+`IZk`n«`IxMO c `AjN.`IjlO^evhc%©OjlOx5ZZ\cx+WZ\jlOO
T T j′ c xhOcIK+_0`Ij`n T T j e«O.X\OZ v sIX #	  ii 3   Y c X\cxMrO vKasIv#vYOAj\OBOSN.`Aj\OZ\KMsIx
3
cx
B
e
ûû Åuvwx
<|   	 W`O	o
	^&	i1
t cIghjlO(\CF G¦x¯ZlKhcX t cIghjlOcfXSX\Kh`Fx&ZlKhOjlOBX\ghbdZ`IkZ\KhO c N.`YvYcd¤MOBveqvYO<r`AN]u0`AX\cdZ\c`Ix¬sIbdA`IjlcZlKhN`IION.Ns.hhsnuMuhbdcOBvZl`.sIx&`IjwvYOjlOBvZ\jlOOIYcdZ\K&uMsIjlsIN.OZ\OBj
M = 3

 
	 f+K
		}&8
	0>34	*&8	73L0	A.&8+FI
&8+k3	&85!G*F,+L.?	
5+)
'/+5'+
T
+,2+<AJ
+'
5+6   P 
 	G%	
	8·-*/+++:
		=.
T

3	&85!G*F,	73+,V+<Ak
		6xÓÒ	D*9	(.
! }4&(&85
	5
"
! 5+=
+<A
	(	;*434&(+
@
+<Ao
'/+'
5+s6}&Ô+<Ao
'/+5/+Ô*%<'34	3ÔHR"
N@*F/+Ò+,o'34	V.>

E9+3/
AL	734	7>3	
&8
E+G
R+	5<EF5+	/+6
 E	(
%	

+<Ao
		k&('3ÒW%	G	
VF/+ÒIH0J	W%5	V*9	(k+434	56f+M34	Vq!K/5	G

+<AK
		EF	5+	k!	&(5R5
B
;<H>	*F	.5!!G	V!G434 P &(
5++26
 
5+F/?I
	(!K>+
B
/
	 3*&	73@+3234
E4	73:E9	8IH>	(	+:
+<AK
		
T T j

R	5&
+<3	K IH>J	7W%	34*'&(
	3M	(!Kk	K&/	73-.]	KI
	(!Kk+3M/
	G5+	73o
J	G
+<A

		R/
+G
/!G	V+434	
v
S	k&(A<&('& 34	(.+	5<EF5
/
+3
v
!=IDE9	
	*F	7&d	73Ud6
 4&(/b&85
	n.x+,AG
		
T T j

>E,AK*9	(.
!G+&(&(H W%	

/5+
	734	7(6
 m345+	k+ Ñ 	&8+
	;FH0	=33qqS
	kn34!G!AU
'/+'/.]5&8	

T T j
E<A@*9	(.
!G+

	2!	5+-/. o
	2I
	(!J;03	(*9	(+34+Ò+³	J34'I
E4
5+³/.m.]/'	JI
	(!KG/+3O.]/'	@++	(
+<3	6
$ nI

55.
H>
3L@E	(
%	 Fm
	+<!=EF	m..]	34	
	(	
3
++	m+434	7m+32.]/'	
ST34*'&(
	3U	!KR+J%	

O( n
lg n
)
6
q s<GFxgOF³4
0<OOb¤ \ih`8Z³Yab^YZbY_Geg_d\]YZ,¯±4^Y/eT\][/Z T ¬®\ie ¦ n + 2 h`8_deg\]X`dc°m[±4_Z9`(¬ cgab^ \ieTeg\iZ,¯Jceg_Y/e$`$¯ab_[7ª±X`dcMY£ª5`
X[ µ a[Wcd\ieg\][Z {T T 1, . . . , T T p} \iZef[£eT\iZ£X[^[/_`ªeT_d\]Y/Z,¯±4^Yeg\][Zcoc(Yeg\'c­\iZ,¯e ¦ ` 
a[/e ¦ `dc(`8c/° © °! /°#" Y/Z9ª%$°@YZ9ª ¦ `8ZbX
`&\]`8^ªcMY³cd±XX8\iZbX8eG_`fa9_`8c(`8ZFe$Y/eT\][/Z [I­ T _`'(±4\i_d\iZ,¯Yc( µ abe$[/eT\]XY^i^) 3.24n + o(n) «(\ie]c(²
Ö×ØsÖiÙ
 
		! " $#%&		'(	 ^]
  N $#
" ªgMjsnjlIgMN]OBx5ZlXjlObW`Ax&Z\KhO]X\sIN]O$j\OBN.sIjDYXgaX[O<v&cdxZlKhO$uMj\`+`n`nION.Ns{+qJKMO$sIvhvhc¥
Zlcd+cdZoW ^W+u0`nZlKhOBX\cXKh`AbvMXhX\cdxarOSZ\cx+WZ\jlcsIxhIgMbsnZ\c`IxMX`IxhbWX\KMsnjlOvhghuhbcrBsFZ\O<vxM`+vhOBX c jl`+`nZwX`IZlcdx+WZlj\OBOBXe§YKh`5X[Ox+ghN_aOBjcX
O( n
lg n
)

   # # * ^
	32 	  !F (  1 32
£¨O&KMs3IOuhjlOBX\Ox5Z\O<v¢sIOxMOjwsnbjlsIN]OB`AjD`IjvYO<X\rj\c_hcxh¡X[gMrBrcxMr§Z.jlOuhjlOBX\Ox5ZlsnZ\c`IxMX`nuhbsIxMsnj
NsIuMX G¦x.Z\KMO^uMsnj\Z\cfrgMbsIjkrsIX\O`n
3
¥Îr`IxhxhO<r§ZlOBv]IjwsnuhKaXGsnxMv]Zlj\cfsnxhAghbfsFZ\c`IxaXnOuhjl`Iu0`AX\ON.`IjlO`FIOBj
rBsnxh`AxhcfrsnbvYO<r`IN.u0`AX\cZlcd`AxMXKhcrwKr`AN$_hcxhO<v cdZ\K ZlKhO¡IOBxhOjwsnbqjlsIN]OB`AjD©^W+cObfv OBxMr`YvYcxhAX
ZlKMsFZsIrwKMcdOBIOsAX[W+N.uYZl`nZ\cfrsIbdbW¨Z\KhO&cxY`IjlNsFZlcd`Ax Z\KMO`IjlW¡`IuYZlcdNsIb_0`IgMxMv `Aj]Z\KhO&XoZl`IjwsnAOIGKhcbdO
X\ghuhu0`Ij\Z\cxhO
$rcdOBxAZlbdW]XoZwsnxMvMsnjwv$b`YrsnbMxMs3+cd5sFZ\c`Ix`Iu0OjwsFZlcd`AxMXJKhOIOBxhOjwsnbcdZoW`n©`IghjksIj\AghN.Ox5ZlX
X\ghAIOBX[ZlXZ\KMsnZ`IgMj^jwsnN.O`IjODr`Ighbfv¯snuMuhbdWZ\``nZlKhOjua`AuhghbfsnjqOBxMr`YvYcxhXlrwKhOBN]O<X0IOZ[Zlcdxh#r`AN¥
uasIr§ZjlOuMj\O<X[OBxAZwsFZlcd`AxMXS`n`nZ\KMOjrbfsIXlX\OBX`nuhbfsnxMsIjIjwsnuhKaXJKMcXX\Kh`AghbvZwsDIOsAvYFsnx5ZlsIIO]`nZ\KhO
X\cN]cbfsnjlcZlcdO<X_0OZoOOx-O±YuhbcrcZ.X[uasnxhxhcxh¬Z\jlOOr`YvYcdxMXK<+kn}MsIxMv jlOAcd`AxY¥8Aj\`Fcxh&snuhuMj\`5sIrwKhO<X
KB|MsIXvYcfX\rgMXlX[O<vcx"Kd<}_M8
qbdA`IjlcZlKhN Zlj\cfsnxMIghbfsFZlOBv ~F¥¦r`IxMxhOBrZ\OBv
R¯ghxhjl`.tqsnNsnx c!t `+rBX ] \ie 2e + 8n `Ij 7m 2e + 8n" K5gasnxh]OZqsIb6 c Gorsnbu ]I|Ye 2e + n `Aj 3.5m 2e + 2n" KhcsIxh.OZqsIb6 c PY`+vMs}h^e 2e + 2n `Ij 4m 2e + 2n" sIX[Z\OBbdbc«^bOBsIjlvYcOZqsnb8 c £¡sIvhX^}5{ie 2.175m ¥·  ³  · ¸3  
1.62m 2e
Jsn_hbO.iF " `AN]uasnjlcX\`Ix`nO±YcX[Z\cxhr`AN]uasIr§ZjlOuhjlOBX\Ox5ZwsFZ\c`IxaX`Aj^X[cN.uhbOuhbsIxMsnjAjlsIuhKMXB
  !F
KdM I " sAXoZlObbdc^bOBsnjwvYc80ª  O+cbdbOjwXBMsnxMv¯p]©PYrwKMsIO
©Oj<P+gMrBrcxMr§Zj\OBuhj\O<X[OBx5ZlsFZlcd`Ax`IZ\jlcsIxhIgY¥
bfsFZlcd`AxMXcdZ\Ks._a`AghxMvhsIj\WApG¦x  O N "- S#    YuMsnAOBXSB~I°n¥w°+{Y5I}I}5{Y
K M I " sAXoZlObbdc^bOBsIjlvYc8«ª  O+cdbbOjwX©snxMv¯p]PYrwKMsIO
©Oj<  W+xMsIN.cr$ghu0vMsFZ\O`nkX\gMrrcdxMrZqZlj\cfsnxY¥
AghbfsFZ\c`IxaXpG¦x
  ^ "f $#        auMsnAOBXB~5{3¥wB~A|h5I}I}5{Y
K ~MiIqbdbcOZsnxMv " npS`nZlX\Nsnx«YtO<rOBxAZksAvYFsnxMrOBXcdx.r`AN]uMj\O<X\X\cd`Ax`n0~IvN.O<X[KhO<XCG¦x   `YvYn¥
X\`Ix+R  P© t b`AsnZ\Oj<YsnxMvR MPYsI_hcdx5O<vYcdZ\`IjwXB   		d  C g  C!  #    
g!b i  0uMsnAOBX~  nM+P+uMj\cxhIOBj[¥HGOjlbfsnMYn}A}A{h
K °iM  # bfsnxY`Ajlvp] bObb`+rwK«snxMv G§sIX\K« " `AN.uMsIrZjlOuMj\O<X[OBxAZwsFZlcd`AxMXq`IX\OuMsIjlsI_hbO$IjwsnuMKMX
G¦x      Y~n°+3¥¦~A{YA+I}I}A~h
K {M a ¥  ! `IcfX\X\`IxMxMsFZ<aª  OB5cbbdOBjlXBaP©hicd`Ax«MRMJOcbbsIgMvMsIxMv&RYQk+cdxMOBrnJjlcsIxhIgMbsnZ\c`IxMXcx
" pWIk    1C "    "  7 h Ti" 0ACF½{  N]h+n}A}AY
ûû Åuvwx
I}   	 W`O	o
	^&	i1
K MSQ] ¥¦J " Khcfsnxha "  ¥ "  IcdxsnxMv  ¥gG§pI«g ªjwvYOBj\bW¨X\uMsIxhxhcxh¯Zlj\OBOBXcZlK-snuMuhbdcfrsnZ\c`IxMX$Z\`
AjlsIuhK#OxMr`+vhcdxhsIxMvAjlsIuhK&vYjls3cxha      +uMsnAOBX^{I}I  {Y3{Y5I}I}MI
K \_Mt "  ¥  " K+gMsnxMMFnpsnjlM  qOInR ¥8Q sn`a<sIxMv $ ¥G§^Ig« " `IN.uMsAr§ZOBxMr`YvYcxh5X`IhuhbsIxMsnj
AjlsIuhKMX5cfs$rBsnxh`Axhcfrsnba`IjwvYOjlcxhAXksIxMvNghbZlcduMbdOuMsnjlOx5Z\KMOBX\OBXBG " 1I«iq5uasnIO<X^AB|  <i]hYN]Y]I|M
K |M q t gMX\WI  i`AghbfsnbKh`Ix¢sIxMv¢p]kPYrwKMsIO
©Oj<  cXlX\OBr§Zlcd`AxMX]snxMv¡Zlj\OBOBXBGcZlK-sIuhuhbcrBsFZ\c`IxaXZ\``AuYZ\cNsnb«N.O<X[K#OxMr`YvYcdxM.sIxMvZ\`.jwsnxMvY`AN XlsnN.uhbcdxh"G¦x     +Y]I}n¥ÎY]i]h+n}A}A{Y
K ]Mt0pSOBsIj\WAMt0t^snNsnxsIxMvEH$atqsnNsnx«P+gMrBrcxAZ`IjwvYcdxasnbZlj\OBOBXcdZ\KbOAObd¥ÎsIxMrO<XoZl`Ije5ghOjlcdO<X
G¦x      ©¥wB}MYI}I}I°M
KB}MR bGoX\Ox+_hghjl snxMv aP+xM`5OBW+cdx7D© pSjlsIuhK " `YvYcdxMUsnxMv " `AxhxhOBrZ\c+cZoW " `IN.uhjlOBXlX[c`Ix
NsIx5gaX\rj\cuYZBMI}I}I°M
KIMp] AsAr`A_MX[`Ax«aP+uasIrOO $rcdOBx5ZlXkX[ZlsnZ\cfrZ\jlOOBXsnxMv]IjwsnuMKMXG¦x   N "4 $#      IuMsnAOBXk{F° ]  {I{F°a^]I|Y]h
K<M . OOBbdOBjsIxMv a £¨OBX[Z\_hjl`+`iD©P+KM`Ij\ZOxar`YvYcxhAXq`nkuhbfsnxMsIjqAjlsIuhKMXqsIxMvNsnuaX '  " %i "
b	 !" 0n~Y]F¥oI{AY0N]i]5{Y
KB~M$Kh`YvhsDA`FYX$D+WsIxMv¯i«qbdbcdONZsnxMvR  O<X[_hjlghx¨snxMv¬iPhrwKhj\`YvYOBjB qOBsIj[¥[ªuYZ\cNsnb " `IxY¥
xMOBr§Zlcd+cdZoW kxMr`+vhcdxh]`n3¥¦R¯snxhcd`Ibfvi`IbW+I`AxROBX\KhOBXB?G¦x  C	 $#[   	O!R!	 b i  
uasnIO<Xan}A}Ah
K°iMR  sIbdbNsnxhx-snxMv  GJKMsnbNsnxhx¡P5Zwsnj\¥8AOj\Z\cfrO<XFs¬r`IN.uMsAr§ZjlOuMj\O<X[OBxAZwsFZlcd`Ax¡`Ij]uhbsIxMsnj
N.O<X[KhO<XcdZ\KsIv3m[sArOBxMrWcxY`IjlNsFZlcd`Ax«  C	 S#  	 C!   N   aF \  B|M+I}I}5Y
K<{M aG§aRghxhjl`snxMvEHat^sIN.sIx«PYgMrrcdx5ZqjlOuhjlOBX\Ox5ZwsFZ\c`Ix`nG_MsIbsIxMrO<vuMsIjlsIx5Z\KhO<X[O<XsnxMv&X[ZlsFZlcr
Zlj\OBOBXB       I<|F¥w<nMd^]i]R\+
KBM aRG§5R¯ghxhjl`M H$Yt^snNsIx«5sIxMv$ ahP5Z\`Aj\N&«tOBuhjlOBX\Ox5Z\cxhvhW5xasnN.crq_hcxMsnjlW$Zlj\OBOBXX[garrcx5Z\bWI
     ½{Ii]F¥o{n~IM I}I}MI
K_\_M  Gi`IghbfsnbKh`Ax-snxav-p]PYrwKMsIO
©Oj<-ªuYZ\cNsnb^r`+vhcdxh¡snxav¢XlsnN.uhbcdxh¨`nqZ\jlcsIxhIghbfsFZlcd`AxMXB G¦x
    
  	  B}A|I}  B}Y]n°a
KB|M aGt`AXlX\cdAxMsIrI vYAO_hjlOBsiDIOj^F " `IxhxhO<r§Zlcd+cdZoW¡r`IN.uhjlOBXlX[c`Ix¡`AjZlj\cfsnxhAbdON.OBX\KhOBXBbG¦x 



 	7 "f 4 	 %$^	! r	     9C  	O!R! 0uMsIIOBX°C\<¥¦hI©^]i]i]M
KN]M " AJ`AghNsSsIxMv " IpS`nZwX[NsnxJj\cfsnxMIbON.O<X[K.r`AN]uMj\O<X\X\cd`Ax«CG¦x  	O!R!   #	i IuMsIIOBX
IF¥¦~n°a0^]i]A|h
K½n}Mp]nJghjwsnx«YP+gMrBrcxMr§ZGjlOuhjlOBX\Ox5ZwsFZ\c`IxaX«`naIjwsnuhKMXBiG¦x   Ti !  b	 " AuMsnAOBXn|Y]F¥o]n°a
^]I|I°M
K½YMS£yJgYZ\Z\OA. rOxMX\gMX`nuhbfsnxMsIjZlj\cfsnxMIghbfsFZlcd`AxMX   		 !	  "  S# b	7(	! B°F½Y¥¦~I|M
^]I5Y
K½IMS£yaJgYZ\Z\OAyrOBxMX[gaX`nuMbsIxMsnjNsnuaX   		 !	  "f $# b	7(	! <{7F n°Y]n¥¦ \+IaN]AI~h
Òúû«Ò÷Ð
 
		! " $#%&		'(	 h
    # #
4 ,+  lpQ /-n 576$0T: QW6$24324<
£¨O^uhjl`F+cvhOsvhOZlsIcdbOBvvhOBXlrjlcduYZlcd`Ax`I©Z\KhO^N.OBN]`Aj\W$`IjlAsnxMc&Z<sFZ\c`Ix.r`AxMrOBj\xMcdxhNsnu
G
`n«sIvFm[sIrOBx5Z
Zlcdx+WX\gh_Y¥ÎIjwsnuhKaX c `AjZ\cx5WuMcdO<rOBXe§ qOjlOqOSX\ghuhu0`AX\OSOsnjlOqAcdAOxsIx`I_hmoOBr§Z M sIxMvcdZlXvYO<r`AN¥u0`AX\cdZ\c`Ix
M1, . . . , Mp
JKMOSuMj\O<X[OBxAZwsFZlcd`Ax_aOBbd`F­cfXe5ghcdZ\OSIOxMOjwsnb©snxMvrsnx_aOSOBsAX[cbWN]`YvYcd¤MO<vZ\`
vhOBsnb0cdZ\KsIj\_McZljlsIj\WIjwsnuhKMXuMsnj\Z\cdZ\c`IxMOBvcx5Z\`Zlcdx+WX\gh_Y¥¦XoZlj\gar§Z\gMj\O<X c `Aj`Aghjuhghjlua`5X[OOSr`IxaX[cfvYOjZlcdx+We5gMsAvYjwsnxhAghbsnZ\c`IxMXsIxMvZlcdx+WZ\jlcsIxhIghbfsFZlcd`AxMXe§
£¨O&uMsnj\Z\cdZ\c`Ix NsIu
G
cxAZl`X\gh_Y¥ÎNsnuMX
Gi
`I_YZwsncxhOBv_+W¡ZlKhOjlOBX[Z\jlcfr§Z\c`Ix¢`n
G
Zl`¯Z\KM`AX\OZlcdx+W
X\gh_Y¥ÎIjwsnuMKMXbdW+cxhcxZ\KhOX\sIN]OX\NsnbbX\gh_Y¥ÎIjwsnuhKaX%I«OZgMX^jlOBrBsnbbZ\KMsnZqOBsArwK
Gi
cXs.uhbfsnxMsIj^Nsnu«
Kas35cxh]bd`+`AuMXsnxMvN$gMbZlcduhbOO<vYIO<X+Kh`5X[OSÉsIrOBXKMs3AOvYOAj\OBOSsnZ^bdO<sIX[Z~M
#³ BI   ··  ^  ³ 
 ³ 
 ·  ´·     AY · 
JKMOcdxh`IjlN.snZ\c`Ix¡gMX\OBv¨Zl`¯j\OBuhjlOBX\Ox5ZNsnu
G
cXXoZl`IjlOBv¨gMX\cdxhsX[O<eAgMOxMrO`n^vYc0OBj\OBx5Z Z`AxhOBX`I
N.OBN]`Aj\WA«KMs3+cxh&3sIj\cfsn_MbdO.X[c`ZOAr`Ijlj\O<X[u0`IxMvhcdxhOBsArwK¬Zl`¯s#X\gh_Y¥ÎNsnu
Gi

Gi
cfXZ\KMOxr`AN]uMbdOZ\ObW
vhOBXlrjlcd_0OBv]_+WZ\KMO^cdxh`IjlN.snZ\c`Ix.r`AxMrOBj\xhcxhcdZlXGO<vYIO<XGsnxMv]xh`YvYO<X
Nij c r`Aj\jlOBX\ua`AxMvYcxhZ\`Z\cx+WX\gh_Y¥AjlsIuhKMX
Mij
e§MsIxMvZ\KhOcxY`IjlNsFZlcd`AxjlObfsFZlOBvZ\`.N$ghbdZ\cuhbOIOBj[ZlcrOBXX\KMsnjlOBv_5WZ\cx+WX[gM_Y¥8AjlsIuhKMXB
T sIrwKxh`YvYO
Nij
cXsIXlX[`YrcfsFZlOBvZ\`sZ\cx5W.X\gh_Y¥ÎIjwsnuhKMX
Mij
+r`Aj\jlOBX\u0`IxMvYcxhSZ\`sSZ\cx5W.r`Abd`Aj\O<v
Zlj\OBO
T Bij
MsIxMvcdZqvY`+OBXr`Ix5ZlsIcdxZ\KMO`Ibbd`Fcxh]cdxY`Aj\NsnZ\c`IxMXNF
• Nnodesij
cXZ\KhOx+ghN_aOBj`nxM`+vhOBXcx#Z\KhOZlcdx+WZlj\OBO
T Bij

• Nfalseij
cfXZlKhOx+ghN$_0Oj`IÉsnbfX\OXoZlONXcdx
T Bij

• N boundaryij
cXZ\KhOX\c&ZBO`nZlKhO_0`IghxMvMsnjlW`nZ\KhOZlcdx+WX\gh_Y¥ÎIjwsnuMKMX
Mij

• Nsij
cXZlKhOvYOBIjlOOS`nZ\KhOxh`YvYO
Nij c sIbX\`]Z\KhOx+ghN_aOBj`ncZwXxhOcIK+_0`IjwXOe
• NAij
cXZlKhOcdxavYO±`IZlKhOO±YuhbcfrcdZjlOuMj\O<X[OBxAZwsFZlcd`Ax`nZ\KhOZlcdx+W#X[gh_h¥8AjlsIuhK
Mij
cxrsnZlsnb`I
D

JKhO]r`AxhxhOBrZ\c+cZoW#`nkNsnu
Gi
cXvYOBXlrjlc_aO<vcZlK¬snxO±YuhbdcfrcdZu0`Icx5Z\OBjlXq_MsIX\OBv&jlOuhjlOBX\Ox5ZwsFZ\c`Ix
KMcrwK#gMX\OBXb`+rBsnbu0`Icx5Z\OjwX`Ix
O(lg lg n)
_hcdZlXBMsIXvh`IxhOcx"KM8
T t `AjO<sIrwK`IZ\KhO Nsij snjwrXcdxMrcvhOx5ZZl`ZlKhOxM`+vhO Nij +OSXoZl`IjlOZ\KMOq`Abdb`FcdxMcdxh`IjlN.snZ\c`IxMXc bdOZ^gMXsIXlX\ghN.OZlKMsFZZlKhO k ¥8Z\KsnjwrSr`IxMxhOBrZlXxh`YvYO<X Nij sIxMv Ni′j′ eF
• Naddressijk
cfXZlKhOj\OBbsnZ\cIOsIvMvYj\O<X\X`IZlKhO¤MjwX[Z^_hcZSr`IxarOjlxhcxh]Z\KhOxM`+vhO`nZ\KhO$xhOcIK+_0`Ijcx
ZlKhO^N.ON.`Aj\W Z`IxMOqsIXlX[`YrcsnZ\OBvZl`cZwXX\NsnbbaX\gh_Y¥ÎIjwsnuhK
Mi′ c `A_MX[OBj\AOZ\KMsnZ i snxMv i′ Ns3W]r`IcxMrcvYO_e 
• N backijk
cXZ\KMOqcxMvYO±`I0ZlKhOX[cfvYOqr`Ijlj\O<X[u0`IxMvhcdxhZl`ZlKhOrghj\jlOx5ZsIjlrcxZlKhOqx+ghN_aOBj\cxh`IZ\KhO
X\cfvYOBXsnZZlKhO`IuMua`5X[cdZ\Oxh`YvYO
Ni′j′

• Nsmallijk
cfXkZlKhOqcxMvYO±`nZ\KMOX\N.sIbdb0X[gM_Y¥8AjlsIuhK
Gi′
cdxZ\KhOqZlsn_MbdO`n©Z\KhOSxhOBcdAK5_0`IjwXG`I
Gi
cxZ\KhO
NsIcdx#Nsnu
G′ c cd i′ = i Z\KMOx#Z\KhcfXcxMvYO±cfXX[OZZ\` 0 e
t cxMsnbbdWAIOKMs3IOZl`SOBxhjlcrwK]Z\KMO^vYOBXlrjlcduhZ\c`Ix]`n©xh`YvYO Nij cZlKZlKhObcX[Z`n0cZwXkNghbZlcduMbdOAOj\Z\cfrOBX`AxZlKhO_0`IghxMvMsnjlW`n
Mij
F
ûû Åuvwx
A   	 W`O	o
	^&	i1
m1
m2
m3
m4
m5
m6
m1
m2
m3
m4
m5
m6
Ti
t cIghjlOW]FRghbdZ\cuhbdOSIOBj[ZlcrOBXX[KasnjlOBv._+WX[OBIOjwsnb0sIv3m[sArOBxAZZ\cx+WX[gh_h¥8AjlsIuhKMX c j\O<rsIbdbaZ\KMsnZNghbZlcduMbdOAOj\Z\cfrO<Xr`Ijlj\O<X[u0`IxMv]Zl`$ÉsArO<XcxZlKhOvYgMsnb©Nsnu`n
G
ekJKhOSvhc%©OjlOx5Zr`IuMcdO<X`IsNghbZlcduMbdOIOBj[ZlO±
c OBsArwK¡s&_0`IgMxMvhsnjlW¯AOj\Z\O±¨`ns#Z\cx+W¨X\gh_Y¥ÎIjwsnuhKevh`ua`Acdx5ZZl`&Z\KhOXlsnN.OOBxAZlj\Wcdx Jsn_MbdO Ti c TiX[Z\`Aj\O<XZ\KhOcxY`IjlNsFZlcd`AxjlObfsFZlcdAOqZl`N$ghbdZ\cuhbOIOj\Z\cfrO<Xcdx#Z\KMOX\sIN]OX\Nsnbb«X[gh_h¥8AjlsIuhKe§
• Nmultipleijk
cfXsnx-cdxavYO±¢`Ax
O(lg lg n)
_hcdZlX.`ISsIx-OBxAZlj\WcxJsI_hbdO
Ti c X[OBO#cdZlXvhOBXlrjlcduYZlcd`Ax_0Ob`F1e§hr`Ijlj\O<X[u0`IxavYcdxM$Zl`ZlKhO
k
¥8Z\K&N$gMbZlcduhbOIOBj[ZlO±`AxZlKhO_0`IghxMvMsnjlW.`I
Mij  

£¨OsIvhvX[`AN]Osngh±+cbcsIj\W.cxY`IjlNsFZ\c`IxZ\`Z\KhONsnu
Gi
r`IjljlOBX\ua`AxMvYcxhZ\`]ZlKhOSX\NsnbbX[gh_h¥8AjlsIuhK
Mi
+cdx`IjwvYOjZ\`.vYOBsIbacdZ\KZ\KhOSghxhcfe5ghOxMOBXlX`I«Z\KhOSjlOuhjlOBX\Ox5ZlsnZ\c`Ix.`AjAOj\Z\cfrOBXB t `IjZ\KMcXuhghjlu0`AX\OOX[Z\`Aj\OsZlsI_hbO
Ti
GKMs3+cxh¯`AxhOOBxAZlj\W¨`AjO<sIrwKN$gMbZlcduhbO#IOj\Z\O±¨cx
Mi
 kx5Z\jlcdO<XsIj\OX[Z\`Aj\O<v
jlO
aOBr§ZlcdxMs¤M±+O<v c snjl_hcZljlsIj\W7e`AjlvhOjlcdxh$`IxNghbdZ\cuhbdOSIOBj[ZlcrOBXB£¨OsnbfX[`]XoZl`IjlO^Z\KMOSX\gh_Y¥ÎbdcfX[Z T smalli`IMZlKh`AX\ON$ghbdZ\cuhbOIOBj[ZlcrOBXcx
Mi
KhcrwK.snjlOX[KasnjlOBv_5WX[OBIOjwsnbYX\NsnbbhX[gh_h¥8AjlsIuhKMXB sArwKNghbZlcduMbdO
AOj\Z\O±oD+xh`F^XkZ\KhOSbd`YrBsFZ\c`Ix`nZ\KMOSr`Ijlj\O<X[u0`IxMvhcdxhrBsnxh`Axhcfrsnbaj\OBuhjlOBX\Ox5ZlsnZ\cIOIR`IjlO^uhjlOBrcX\ObW]Z\KhO
cxY`Aj\NsFZlcd`AxcfX`IjlAsIxhc`ZOBvsIX`Abdb`F^XF
•
JKhO
k
¥8Z\K"Ox5Z\jlW cx"Jsn_hbO
Ti
r`Aj\jlOBX\ua`AxMvhX$Z\`¨Z\KMO
k
¥6ZlK-NghbZlcduMbdOAOj\Z\O±
mk
cdx
Mi
snxav
r`Ix5ZlsIcdxaXZlKhO`Ibb`Fcdxh]¤MOBbvMXF
¥
Ti[k].shared
FcXs¯_hcdZBGO<eAgasnbkZl`
1
cdZ\KMO
k
¥8Z\KN$gMbZlcduhbO#IOj\Z\O±cfXX\KMsIj\O<v_+WX\OIOBjlsIb
X\Nsnbb«X[gM_Y¥8AjlsIuhKMXB
¥
Ti[k].canonical
F cfX#s-uMsIcdj
(Nj , v)
X[u0OBrcW+cxh-Z\KhO¡rsIxh`IxhcfrsIbjlOuMj\O<X[OBxAZwsFZlcdAO¯`nZ\KhO
NghbdZ\cuhbdOAOj\Z\O±
mk
GJKhcfXuMsIcdjuhjl`F+cvhOBXZ\KhOcxMvYO±`nZ\KhOxM`+vhO
v c rsIxh`IxMcrBsnb©j\OBuhjlOBX\Ox5ZlsnZ\cIOq`I
mk
eZ\`AIOZ\KhOBjcZlK&s]jlOOBj\OBxMrOSZ\`]ZlKhOZ\cx+WX\gh_Y¥ÎIjwsnuhKMX
Mij
r`Ix5ZlsIcdxMcdxh.cdZB
¥
Ti[k].small
FcfXsu0`IcxAZlOjZ\`.snxOBx5Z\jlW]cxZlKhOSbdcfXoZ
T smalli
5Z\KMcXcfXs
Θ(lg lg n)
_hcdZlXcxMvYO±
KMcrwK#cXqX[OZZl`
0
cZ\KhOAOj\Z\O±cXxM`nZqX\KMsnjlOBv_5WX[OBIOjwsnbX\Nsnbb«X[gh_h¥8AjlsIuhKMXB
• T smalli
r`Ix5ZlsIcdxaX`AxhOOx5Zlj\W`AjGOBsArwKNghbZlcduMbdO^AOj\Z\O±cdx
Mi
KhcfrwK.cXsnbfX[`X\KMsnjlOBv$_5W]X[OBIOBjlsIb
sAv3m[sIrOx5ZX[NsnbbGX[gM_Y¥8AjlsIuhKMX OBsArwK¬ObON.OBxAZcfXs
O(lg lg n)
_hcdZlXjlOOBj\OBxMrO$Z\`snxOx5Z\jlWcx¨Jsn_hbO
T
F
T
X[Z\`IjlOBXZlKhObdcfX[Z^`nN$ghbdZ\cuhbOIOj\Z\cfrO<XX[KasnjlOBv_+W#X[Nsnbb«X\gh_Y¥ÎIjwsnuhKMX c X[OBOvhOBXlrjlcduYZlcd`Ax`INsIu
G′
e§
 û«ÄoÍ\Â  AÈ8ºFÂlÈ×Æ	  È8»½Ç  ½ÄÙÄ[ÀÈ6»½Í[Äo¼Ê<Ä3Å3ÄGÈ8º3ÄkÇFÂwÀÈ6» È8»½¿§Å»½ÅÈ8¿¼8»½Ê3Äo¼¿	MÈ6º3ÄkÃn¿§Æ3Å3ÊFÂwÀËÄoÊ3Ö§Äo¼¿	0ÂÈ8»½ÅË ÆFÂwÊ3À6ÂwÅ3Ö§Æ<ü
 ÚÂlÈ8»½¿§Å
 ÄkÂw¼8¼6Æ3×ÄÈ6ºFÂlÈ«È6º3Ä k üfÈ6ºq×Æ   È6»½Ç  ½Ä«ÙÄ[ÀÈ6Ä »½¼©È6º3ÄG¿§Å3ÄG¼8º3ÂwÀ6ÄoÊSÃËÈ6º3Ä k üfÈ6ºqÂwÅ3Ê (k + 1) üfÈ6ºq¼8»½Ê3Äo¼\Ø3ÂwÅ3ÊqÍ\ÂwÅÃIÄÈ6º3ÄoÅÂw¼6¼8¿Í[»ÚÂlÈ6ÄoÊÈ6¿È8º<Ä
k
üfÈ6ºSÂwÀÉÍk»½Å3Ío»½Ê3ÄoÅÈ«È6¿Å3¿BÊ<Ä
Nij
Òúû«Ò÷Ð
 
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t cxMsnbbW¬OvYOBXlrjlcd_0OBv¬Z\KMOsIv3m[sArOBxMrW¯jlObfsFZlcd`AxMX_0OZoOOxX\NsnbbX[gM_Y¥8AjlsIuhKMXB«gMX\cdxM&s&AjlsIuhK G′ Xk`A_MX[OBj\AOBv`Ij
G

G′
cXsNsnuAKMs3+cxhb`+`IuMXksIxMvNghbZlcduMbdOOBvYAOBXBAsnxav.ÉsIrOBXk`I«vYOAj\OBOqsFZbOBsAXoZ
3
JKMcXcXr`Ax5AOxhcOx5ZG`AjIgasnjwsnx5Z\OBOcxhSZ\KMsnZcdZlXX[Z\`AjlsIIOjlOBe5ghcj\O<XksxhOBIbcdAcd_MbdO^sIN]`Aghx5Z`nX\uMsArOiF
cdZlXx+ghN_aOBj`nsnjwrXsnxMvOBvhIOBXsIj\OSbcdxhO<snjlbdWvYOu0OxMvhOx5Z_aO<rsngaX[O`nkghbOj  X`IjlN$ghbfshqX^vh`IxhOcx
KMÎhOsAvY`IuhZsIx&O±YuhbcrcZ^u0`Icx5Z\Oj_asIX\OBvj\OBuhj\O<X[OBx5ZlsFZlcd`Ax`Ij
G′

GÎZwXvYO<X\rj\cuYZlcd`Ax-`Abdb`F^XZlKhO¯`Aj\5snxhc`ZBsnZ\c`Ix"IcIOx­cx KMF¬ZlKhO¬Nsncx vYc0OBj\OBxMrO<Xcx5Z\jl`+vhgMrO<v
KMOjlO]r`IxMrOjlx¯Z\KMO]cxY`Aj\NsFZlcd`AxjlObfsFZlOBv¯Z\`&N$ghbdZ\cuhbO.IOj\Z\cfrO<X c IOBj[ZlcrOBXX\KMsnjlOBv¬_5W¯X\OAOjwsnbX[NsIbdbX\gh_Y¥ÎIjwsnuMKMXOeyvhOZlsIcdbOBv&vYO<X\rj\cuYZlcd`AxcfXuhjl`F5cfvYO<v_0Ob`F F
•
JKhOsAv3m[sIrOxMrWjlObfsFZlcd`AxMX`nGIjwsnuhK
G′
snjlOvYO<X\rj\c_aO<v_+W#XoZl`Ijlcdxha+`Ij^O<sIrwK#`nGcdZlXxh`YvYO<X
N ′ic r`Aj\jlOBX\ua`AxMvYcxhZ\`s.X[Nsnbb«X\gh_Y¥ÎIjwsnuhK Mi eZlKhObdcfX[Z^`ncZwXxhOcIK+_0`IjwXsIX`Ibb`F^XF¥
N ′i .s
cfXZ\KhOvYOBIjlOO`nxh`YvYO
N ′i
cx#N.sIu
G′ c Z\KMOx5gMN$_0Oj^`IxhOBcdAK5_0`IjwX`n Mi e¥
N ′i .G
cfX^s]ua`Acdx5ZlOjZ\`]ZlKhOX[gM_Y¥8NsIu
Gi
`IZlKhOr`Aj\jlOBX\ua`AxMvYcxhX\Nsnbb«X[gM_Y¥8AjlsIuhK
Mi

¥ksZlsI_hbdOS`nua`Acdx5ZlOjwXZl`.xhOcIK+_0`IjwXF
N ′ik.address
cXZlKhOsIvhvYjlOBXlX`n«ZlKhO
k
¥8Z\KxhOcIK+_0`Ij`n
N ′i
cdx
G′

•
£¨O.X[Z\`Aj\OZ\KMOcdxY`Aj\NsnZ\c`Ixr`IxMrOjlxhcxhNghbZlcduMbdOAOj\Z\cfrOBXX\KMsnjlOBv¬_+W¯sIv3m[sArOx5ZX\N.sIbdbGX\gh_Y¥
AjlsIuhKMXB+gMX[cxhs.JsI_hbO
T
+KMs3+cdxhsIxOBxAZlj\W`IjOBsArwKNghbdZ\cuhbdOAOj\Z\O±
mk
F
¥
T [k]
r`Ix5ZlsIcdxMXs$Z\jlcduhbO
(N ′i , Nj , v)
cxMvYcfrsnZ\cxhZlKhOrsnxM`IxhcfrsIbMjlOuhjlOBX\Ox5ZlsnZ\cIO^`I«Z\KMO
k
¥8Z\K
NghbdZ\cuhbdOAOj\Z\O±
mk

  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	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³   ³  ³ <Y ·     ·  ³ 3 É ³    ¸  Îh ³  tOBrBsnbbZ\KMsnZ.s¨AOj\Z\O± cx-sZlcdx+W uhcOBrO
Mij
cX
X\u0OBrcd¤MO<v&_5W&s.Zlj\cuhbO
(N ′i , Nj , v)
FKhOjlO
N ′i
cfXqsxh`YvYO$`nkNsnu
G′
0r`Ijlj\O<X[u0`IxMvhcdxh.Zl`Z\KMO$X[NsIbdb
X\gh_Y¥ÎIjwsnuMK
Mi
©Zl`KhcfrwK¬cdZS_0Ob`IxMAXB
Nj
cXsbd`YrsIbu0`Icx5Z\OBjqZl`ZlKhO ZB`IxhO`nkN.ON.`Aj\W&jlObfsFZ\O<v&Z\`
xM`+vhOs¯xM`+vhO`n
Gi
snxav
v
cfX$Z\KhO#cdxavYO±`nZlKhO#IOj\Z\O±¨cx ZlKhOjlOuMj\O<X[OBxAZwsFZlcd`Ax
Aexplicitij
r`Ijlj\O¥
X\u0`IxMvYcxh.Zl`
Mij
X^snbj\O<sIvYW`I_MX\OjlIO<vcx KdM8acdx`Aghj^OBxMr`YvYcxhIOBj[ZlcrOBXNs3W_0Oxh`IZqghxhcfe5ghObW
jlOuMj\O<X[OBxAZlOBvF_0OBrBsngMX\OZ\KhOBW$snjlOX[KMsIj\O<v_+W$vYc©OjlOx5ZZ\cx5W]X[gM_Y¥8AjlsIuhKMXB^xasnb`II`AgMX\bdWAFj\OBuhj\O<X[OBx5Z\cxh
c e5gMsIvYjwsnxMIghbfsnj«`Aj«Zlj\cfsnxhAghbfsnjeaÉsIrO<XcfXvY`IxhOX[u0OBrcW+cxhs^Z\jlcduMbdO (N ′i , Nj , f) FZlKhOcjj\OBuhj\O<X[OBx5ZlsFZlcd`AxcfXghxhcfe5ghObWvhO¤MxhO<vMsAXÉsIrO<XsnjlOxM`nZqX\KMsnjlOBv_5WZ\cx+WX[gM_Y¥8AjlsIuhKMXB
.¸
	<h ³  ´  ³  ³  ³  ¶$³+³  8M ³  qO±+Z[ION.Nsuhjl`F+cvhOBXqsIx¯gMX\OghbZl`5`Ab`IjSbd`YrsIbxas3A¥
cAsnZ\c`Ix¯_0OZoOOBx¯ÉsArOBX`nsIv3m[sArOx5ZZ\cx5W¯X\gh_Y¥ÎIjwsnuMKMXFcdZlXSuhjl`+`njlObcOBX`Ix¬sIj\AghN.Ox5ZlXSX[cN.cdbfsnjZ\`
ZlKhO`IxhOScxAZlj\`YvYgarOBvcdx"KM8YKMcrwK#snjlOSX[Z\cbdbFsIbdcfv`AjsIj\_McZljlsIj\WZ\cx+WX[gM_Y¥8AjlsIuhKMX c KMs3+cxh$ÉsArO<X`IsIj\_McZljlsIj\Wr`AxMX[Zlsnx5Z^vYOBIjlOO^e
³ 
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[(M1, . . . , Mp);G;G
′]
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 Rank(N ′i , Nj , v)
 C 7 	 J S# 	 	#
v
 >7  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ûû Åuvwx
n°   	 W`O	o
	^&	i1
 Neighbor((N ′i , Nj , w), (N ′i , Nj , e))
0 	 	 #	i
w
	 J	X  
e
 S#
w
!11gC7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	Y
(N ′i′ , Nj′ , w
′)
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  ³  ³   ³  ³ BY  ·   ·   ³ < É ³  GÎZ^cXu0`AXlX[c_hbOSZ\`s3I`AcvZ\KhOuhjl`I_MbdOBN `nKMs3+cdxh]N$gMb¥
ZlcduMbdOjlOuhjlOBX\Ox5ZwsFZ\c`IxaX`ISAOj\Z\cfrO<X_5W-sIvY`AuYZ\cxhs¡bd`YrBsnbbfsn_0ObbdcxhX\rwKMON.O¯snxMv"vYcfXoZlcdxMIghcfX[KMcdxh
AOj\Z\cfrO<Xcdx5Z\`~rBsFZ\OBI`Aj\cOBXNF«IOBj[ZlcrOBXcx5Z\OjlxMsIb+Z\`sSZ\cx+WX\gh_Y¥ÎIjwsnuhKnIOBj[ZlcrOBXGX\KMsnjlOBv_+W$N.`IjlOZ\KMsIx
&Z\cx5W¡X\gh_Y¥ÎIjwsnuhKMXBsIxMv¡IOBj[ZlcrOBXX\KMsIj\O<v_+W¨N.`IjlOZ\KMsIx¢X\N.sIbdbX[gM_Y¥8AjlsIuhKMXB#X`A_MX[OBj\AOBv¨cx
X\OBrZ\c`Ix.~h ~YnOrsnx.sIXlX\`+rcsnZ\OZ\`OBsArwKAOj\Z\O±$sgMxhce5ghOjlOuMj\O<X[OBxAZwsFZlcd`AxcdxsrsIxh`IxMcrBsnb+s3WAFgMX\cdxh
ZlKhOr`IjljlOBX\ua`AxMvYOxarOk_0OZoOOBxIOBj[ZlcrOBXcdx$Z\KhO`IjlcdAcdxasnbIAjlsIuhK c e5gMsAvYjwsnxhAghbsnZ\c`Ix`AjZlj\cfsnxhAghbfsFZ\c`IxesIxMvxh`YvYOBXcx#Z\KhOAOj\Z\O±#X[uMsIxhxhcxh]Z\jlOOA
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 
G′
"  7 	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
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